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Abstract
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validate these channels by introducing a novel instrumental variable and an identification
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1 Introduction

Because of the ZLB, the conventional monetary policy fails to stimulate the economy from the
recession. Therefore, during the ZLB period, the Federal Reserve implemented unconventional
monetary policy by purchasing long-term Treasury bonds and mortgage-backed securities from
the market, which is also referred to as a large asset purchasing policy. Asset purchasing,
or quantitative easing, twists the term yield and drives up the price of long-term bonds by
increasing the demand for Treasury bonds. There are several mechanisms' through which QE
stimulates the economy, and in this paper, I argue that the effect of QE on macroeconomics can
be divided into two main channels: the interest rate channel and the liquidity channel. Other
mechanisms will influence the effect of QE by symmetrically or asymmetrically influencing these
two channels. As argued by the Lucas Critique, due to the endogeneity between monetary policy
and macroeconomics, understanding monetary policy is crucial for enhancing its effectiveness,
facilitating economic estimation and prediction, and stabilizing the economy. By decomposing
and analyzing these two channels, we can enhance our understanding and discern the working
principles of QE more clearly.

These two channels are related to the two outcomes of the central bank’s asset purchasing
process: increased holding of long-term bonds (of central bank) and decreased long-term yields.
The central bank achieves the former by injecting liquidity, cash, into the financial market, and
attains the latter one by increasing the demand for long-term bonds. Correspondingly, I outline
liquidity injection as the liquidity channel, and term-yield twisting as the interest rate channel’.
The output is stimulated by the liquidity channel as financial institutions in the financial market
obtain more cash from selling bonds and alleviate underinvestment or capital misallocation
caused by financial friction, resulting in more investment and increased output. Conversely,
the interest rate channel stimulates output as the drop in long-term rates changes people’s
expectations about future interest rates and the returns on long-term bonds, leading financial
institutions to invest more in capital or equity markets due to the non-arbitrage condition, which
generates portfolio adjustment and additional output. In addition to these direct effects, there
are some indirect effects through the general equilibrium as they also operate in conventional
monetary policy. An income jump from increased investment and higher labor demand relaxes
the constraints of hand-to-mouth households, who then increase their consumption due to higher
disposable income, further stimulating output.

To understand the channels through which unconventional monetary policy operates, I first

IKuttner (2018) summarized them in detail. Imperfect sustainability states that market segmentation exists, such
that long-term bonds with different maturities cannot be freely substituted for each other. The signaling channel
suggests that changes in the expectation of future short-term interest rates will affect the price of long-term bonds.
The financial balance sheet channel implies that changes in the balance sheets of financial institutions will affect
their demand for long-term bonds of different maturities, thereby altering the prices of these bonds.

2If we take the the effect of QE as function Y (BQ) where Y is the output, B is the volume of long-term bonds

and @) is the price of the bonds. Then by total differential % = %Q + %BiQ where % is the liquidity

channel and % is the interest rate channel.



employ a general equilibrium model with heterogeneous households and a financial accelerator
to investigates how unconventional monetary policy stimulates the economy through these two
channels. Apart from the wealthy households whose collateral is unbounded, two types of
hand-to-mouth households—poor and wealthy—also exist within the economy, though their
consumption is subject to their income each period. Only the change in wage income will
influence the consumption of the poor hand-to-mouth households, yet changes in both wage
and asset return will influence the consumption of wealthy hand-to-mouth households. Similar
to the arguments for conventional monetary policy by Kaplan et al. (2018) and Auclert (2019),
the presence of heterogeneous households and hand-to-mouth agents amplifies the impact of
unconventional monetary policy through general equilibrium and indirect effects. Even at the
zero lower bound (ZLB) where the interest rate is fixed and household consumption cannot be
stimulated through the conventional monetary policy, hand-to-mouth households, with a high
marginal propensity to consume (MPC), increase consumption and stimulate the economy, as the
standard Euler equation does not apply to them and their consumption is governed by the budget
constraint. Moreover, the change in the return of long-term bonds and equity will be passed to
the change in illiquid asset return as the wealthy households invest in the financial market via
financial institutions. Hence, the consumption of wealthy hand-to-mouth households and the
output is further stimulated through the change in illiquid asset return. Additionally, there is a
novel redistribution mechanism in this paper, created by the heterogeneous households in the
liquidity channel, as the liquidity used by the central bank is sourced from wealthy non-hand-to-
mouth households, yet the benefit of a stimulated economy is enjoyed by the whole economy,
both hand-to-mouth and non-hand-to-mouth households®.

In addition to the amplification effect created by heterogeneous households on the demand
side, the financial accelerator also expands the effectiveness of unconventional monetary policy
by affecting the two channels. I introduce market segmentation (across different types of bonds
and equity) through the workhorse model Gertler and Kiyotaki (2015) to investigate it in detail.
In this model, financial institutions cannot hold arbitrary positions (both long and short) in
short-term bonds, long-term bonds, or equity, but are subject to restrictions in LTV ratio. Due
to these financial constraints, financial institutions cannot borrow as much as they would like
to fulfill their ideal portfolio arrangement of assets. Therefore, under the liquidity channel, the
financial institutions will use the injected liquidity from the central bank to buy more equity to
stimulate output, rather than saving it or paying off debt. Meanwhile, because of the financial
constraint and leverage ratio, they will invest more than one unit of money in capital with loans
when they receive one unit of money from selling treasury bonds. Conversely, under the interest
rate channel, the financial institutions can hardly invest in more equity when the return on

long-term bonds drops, as they are financially constrained and lack the cash to buy new equity.

3Di Maggio et al. (2020)empirically tested the related effect and drew a conclusion that QE1 substantially
increased refinancing activity and stimulated consumption, although there is no theoretical investigation of this
effect.



However, they can still gain some extra liquidity to invest in equity (and thus stimulate the
economy) through the interest rate channel by a pecuniary effect, because they previously held
some amount of long-term bonds which have now become more valuable*.

Household heterogeneity (financial accelerator) can augment the power of unconventional
monetary policy through the two channels indirectly (directly) by general equilibrium (partial
equilibrium in production sector). Moreover, together they generate a complementary effect
that amplifies the power of unconventional monetary policy through both channels, as it is the
wealthy households (savers) who own the financial institutions. The labor market boom not
only increases the income and consumption by hand-to-mouth households but also increases
the income of savers, who will invest in equity through the financial institutions, which further
spirals up the economy and is amplified by the financial accelerator with more debt over leverage
ratio. Thus, the complementarity between household heterogeneity and the financial accelerator
is effective.

To quantify the relative effects of the liquidity and interest rate channels, I carefully calibrate
the model to ensure it aligns with empirical evidence. After adjusting the parameters to turn
off interest rate channel and extracting the pure effect of the liquidity channel, I conclude that
quantitatively the effectiveness of the liquidity channel in stimulating output is significantly
greater than that of the interest rate channel, with the former being approximately one and a half
times larger than the latter. Additionally, by comparing different models with and without these
elements, I demonstrate that neither household heterogeneity nor the financial accelerator alone
significantly amplifies the power of unconventional monetary policy, but together they contribute
to its amplification.

Additionally, I utilize a VAR model to decompose the effects of unconventional monetary
policy into liquidity and interest rate channels by proposing a novel Bayesian IV-VAR method to
identify the two channels of unconventional monetary policy. Previous literature has focused
on the restrictions imposed on impulse responses and the second-stage regression of IV-VAR.
However, in this paper, | introduce new instrument weakness restrictions on instrumental variables
(first-stage regression) to further utilize the instruments. The weakness restrictions require that
one instrument explains (varies) the corresponding structural shock more than it explains other
shocks. These restrictions conserve degrees of freedom as they control the explanatory power of
instruments, which is already considered during the instrument selection process. Therefore, we
do not need to impose any additional restrictions in the main identification step (second-stage
regression), which previously relied on economic intuition. Additionally, I introduce a new
high-frequency instrumental variable, the treasury announcement change, to separately identify
the liquidity and interest rate channels alongside FOMC changes. The empirical results support

my quantitative findings and demonstrate that the ratio of the effectiveness of unconventional

“In this sense it is just the opposite effect of the channel that results in the bankrupt of Silicon Valley Bank in
2023.
SThis is akin to the discussion under conventional monetary policy by Bilbiie et al. (2022).



monetary policy through the liquidity and interest rate channels is 1.46, closely aligning with my
quantitative estimate of 1.5.

This paper contributes to the literature on Heterogeneous Agent New Keynesian (HANK)
models and monetary policy, referencing seminal works such as McKay et al. (2016); Gornemann
et al. (2016); Guerrieri and Lorenzoni (2017); Kaplan et al. (2018); Auclert (2019); Bayer et al.
(2019); Hagedorn et al. (2019); Bilbiie (2020); Chang et al. (2021); Luetticke (2021). While
most of these studies focus on investigating conventional monetary policy or solving the forward
guidance puzzle, this paper centers on the indirect effects of quantitative easing that are amplified
by household heterogeneity. In this way, my work modifies and complements that of Cui
and Sterk (2021); Sims et al. (2022). Cui and Sterk (2021) analyzed the effect of QE in a
heterogeneous-household model by focusing on the distributional MPC. While I contribute
further to specifically stressing the importance of heterogeneity and . Additionally, they do
not incorporate financial frictions in the financial sector into their HANK model and Sims
et al. (2022) examined the contribution of heterogeneous households to the effectiveness of
unconventional monetary policy. My work complements theirs by providing a tractable analytical
analysis and focusing more on distinguishing the liquidity and interest rate channels, rather than
the cross-effects of quantitative easing and household heterogeneity.

Furthermore, this paper also contributes to the literature related to unconventional monetary
policy, referencing works such as Gertler and Karadi (2011); Krishnamurthy and Vissing-
Jorgensen (2011); Carlstrom et al. (2017); Harrison (2017); Sims and Wu (2021). However, most
of these studies have concentrated on the interaction between financial markets and monetary
policy or on the optimal implementation of unconventional monetary policy. My paper extends
this literature by exploring the cross-effects of financial friction and heterogeneous households
on unconventional monetary policy, and investigates these through a novel decomposition.

This paper makes two empirical contributions, and firstly I improve the methodology related
to IV-VAR. Stock and Watson (2012) and Mertens and Ravn (2013) initially proposed a new
SVAR method incorporating instrumental variables, which was later expanded by Arias et al.
(2021) and Giacomini et al. (2021) to combine the Bayesian method in IV-VAR. However, all of
them adopted conventional restrictions on the contemporaneous response matrix of the shocks.
I enhance this by fully utilizing the information provided by instrumental variables through a
novel instrument weakness restriction, thereby identifying the shocks more precisely without
any restrictions. Secondly, this paper proposes new instrumental variables, specifically the
treasury announcement shock, to separately identify the liquidity and interest rate channels of
unconventional monetary policy. Similarly to the standard FOMC announcement shock, I use
the change in the price of future contracts within treasury bond issuance announcement windows
as the instrument, known as the treasury announcement shock. During the announcement, the
only information that the market receives is related to the liquidity of the treasury securities,
which helps isolate the liquidity channel.

The remainder of this paper is organized as follows. Section 2 explains the baseline model



in detail. Section 3 analytically discusses the liquidity and interest rate channel. After the
theoretical analysis, in section 4 I provide the quantitative result related to the decomposition
of these two channels. Then section 5 introduces the empirical support with the identification
methodology and the description of instrument variables. In the end section 6 concludes the

result.

2 Baseline Model

This section explains the baseline model in detail and illustrates how this general equilibrium
model, featuring heterogeneous households and financial frictions, can reveal the operation
of QE, through which the central bank purchases treasury bonds from the financial market to
stimulate the economy. Based on this baseline model, I provide theoretical and quantitative
results in the next section on how QE expands output through two different channels, each

governed by distinct mechanisms.

2.1 Household

There are three types of household in the economy and ¢ denotes their type following ¢ €
{pHtM, wHtM, nHtM } where pHtM states poor hand-to-mouth household.wHtM states wealthy
hand-to-mouth household and respectively nHtM states non-hand-to-mouth household. House-
hold 7 supply labour /! to intermediate goods producers and earn real wage w; with idiosyncratic
shock &¢ at period ¢°. The government taxes 7 portion of the total wage income to finance social
welfare spending. Households can also hold two types of bond: short-term bonds b and illiquid
asset a. The liquid bonds b; brings a gross real return rate R, realized at time ¢ + 1; the illiquid
asset a, brings a gross real return 12}, , realized at time ¢ + 1. Households can freely adjust their
holding of liquid bonds b without transaction restriction but they cannot adjust the illiquid asset
freely’. In addition to the interest rate and labour income households get lump sum tax transfer
T} and public unemployment insurance subsidy ©;.

There are three types of households in the economy, denoted by ¢ where i € {pHtM, wHtM, nHtM}.
Here, pHtMrepresents poor hand-to-mouth households, wHtM represents wealthy hand-to-
mouth households, and \ nHtM represents non-hand-to-mouth households. Each household type
i supplies labor /! to intermediate goods producers and earns a real wage w; with an idiosyncratic
shock &! at period ¢°. The government taxes a 7 portion of the total wage income to finance
social welfare spending. Households can also hold two types of bonds: short-term bonds b and

illiquid assets a. The liquid bonds 0, yield a gross real return rate R;, realized at time ¢ + 1; the

®For simplicity I omit the agent index of household i henceforth since their optimization problem is isomorphic.

7As shown by Cui and Sterk (2021) the household selecting the illiquid asset withdrawing is equivalent to
selecting the optimal illiquid asset level. Both of them can pin down the illiquid asset distribution path as long as
they have the same starting point.

8For simplicity I omit the agent index of household i henceforth since their optimization problem is isomorphic.



illiquid asset a; offers a gross real return R} |, also realized at time ¢ + 1. Households can freely
adjust their holding of liquid bonds b without transaction restrictions but cannot freely adjust
their holdings of illiquid assets’. In addition to the interest rate and labor income, households
receive lump-sum tax transfers 7; and public unemployment insurance subsidies O;.

Households at period ¢ maximize their future discounted utility

V(b ai_y,€') = max U(c, ) + BEV (b, aj, ')

ce,be, X}
st.cl+bl =X+ bl Ry + (1 —7n)wdel + @ilag‘:o + T,
ai >0

a i i 1
Ria; 1 — Xy = o

Cl—(r l1+w
1o Rigge
o is the inverse intertemporal elasticity of substitution, and 1) is the inverse Frisch elasticity of

The utility function is represented by the standard CRRA form U (¢, 1) = where

labor supply. x measures the extent of disutility that labor generates.

Xti is the real illiquid asset extraction, which is exogenous and fixed in the baseline model'.
Furthermore, I assume there are only two types of realization for the labor productivity shock &
for tractability.

0 € {pHtM,wHtM}

1 i {nHtM}

Because hand-to-mouth households do not have wage income, they cannot borrow as much
as they would like to satisfy their optimal consumption decision, which is typically governed
by the Euler equation. Therefore, their consumption level is solely determined by their budget
constraint, and any change in the real interest rate cannot stimulate their consumption as they are
financially constrained. Hence, the consumption of pHtM households is determined by lump-
sum tax transfers and unemployment insurance, such that ¢/ HEM oM 4 T}, Similarly, the
consumption of wHtM households is determined by ¢}'''*™M = X WHIM  ItM 4 T3 " Compared to
poor hand-to-mouth households, wealthy hand-to-mouth households have an additional income
source from the illiquid assets they hold, which is X*M in the baseline model. For non-hand-to-
mouth households, their consumption is governed by the standard Euler equation, except for the

precautionary saving term on the right-hand side, as now their future income and consumption

As shown by Cui and Sterk (2021) the household selecting the illiquid asset withdrawing is equivalent to
selecting the optimal illiquid asset level. Both of them can pin down the illiquid asset distribution path as long as
they have the same starting point.

10As Cui and Sterk (2021) proved it is equivalent to pin down illiquid asset a} or pin down extraction X} as long
as the economy has the same initial illiquid asset distribution. I use extraction instead of the illiquid asset in model
henceforth because it is more tractable and helpful to simplify the model.



are uninsured.
U, (™M) = EBR, { pPHINE, (MY L ppHM (CﬁlltM) +pHME ( Cr;HltM)} (1)

Since only the wealthy hand-to-mouth households and non-hand-to-mouth households hold
illiquid assets, these two types of agents can access the financial market to withdraw assets. This

transaction closes the illiquid asset market by
Xt — hnHtMthHtM + hWHtMX;VHtM

where X, represents the aggregate illiquid asset withdrawal.

2.2 Mutual funds

A continuum of surviving or newly entered mutual funds, indexed from O to 1, selects the share
of firm equity s;; and the amount of long-term real treasury bonds held 07, at the end of period ,
which will yield returns at time ¢ + 1'!. At the beginning of period ¢ + 1, the aggregate shock
is first realized before the production process occurs, when Rf,, and R7, are realized. By

choosing the optimal portfolio arrangement, the mutual fund solves the problem

W (ng|sy, b)) = max V (s, 0", ne) (2)

sjvt7bj,t
.tV (5,7, my) > A'Qus; + A AP0 (3)

where the asterisk represents the variable evaluated at the optimal equilibrium level. W, is the
value of the surviving mutual fund, and V; is the value of the mutual fund at the end of period .
MY and A are parameters that regulate the collateral constraint, which implies that the market
value of mutual fund j itself should not be lower than the assets they hold. \” represents the
strength of the collateral constraint, and \* denotes the relative strength between equity and
treasury bonds that contributes to the collateral constraint.

After paying their borrowing costs, mutual funds will survive into the next period with a
probability of 8™ and exit the financial market with a probability of 1 — #™. Given the random
exit-and-entry risk associated with mutual funds, IV, can be taken as the ex-post value of a
mutual fund, and V; as the ex-ante value, which is composed of two components: the return from

those that exit and the expected future value of those that survive, such that

%4 (St, b?, TLt) = EtBAt,t—‘rl [(]. - 0m> N1 + oW (nt+1‘8:+17 b?_rkl)]

"For simplicity I omit the subscript j until aggregation.



The balance sheet of the mutual fund is
Qs+ q b =y + df" “)
and the law of motion of the net worth of mutual funds is
= (R} — Ri—1) Qi1se-1 + (R — Ri1) ¢ 07" | + Reoamyy (5)

where d}" represents the money that investment banks borrow from the central bank, (); is
the real price of capital, ¢” is the real price of long-term treasury bonds, R¥ is the real return on
equity, 5 is the real return on long-term treasury bonds, and R;_; is the short-term real interest
rate.

Since each period a proportion of 1 — ™ of mutual funds exit the financial market, at the
aggregate level, if there were no startups, the aggregate net worth would shrink and concentrate
among the luckiest mutual funds. To ensure the stability of the aggregate net worth of the mutual
funds, I assume that each period sees the entry of new mutual fund companies into the financial
market, the total net worth of which is a fraction ¢ of the aggregate effective assets ¢;/N;_1.
Aggregating the net worth of the surviving mutual funds provides the law of motion for the

aggregate net worth, such that
Ny = 0" [(Rf — Ri—1) Qe—1Si—1 + (RP — Ri—1) ¢ B + RioiNeoa | + 0Ny

where N; = [ n;.dj.
Solving the optimization problem 2 yields the non-arbitrage condition \° ;3 ;11 (Rt 1 Rt) =
EiBQ 41 (RE, — Ry). This demonstrates that the excess return on firm equity should be same

as the excess return on long-term bonds, adjusted by the collateral constraint parameter M.

Qest+A2q¢Pb
nt

Define the effective leverage ratio of the mutual fund at time ¢ as ¢, = . Due to
the collateral constraint 3, the mutual funds cannot borrow as much as they want, which implies

an upper boundary for the leverage ratio

E, [5Qt,t+1 Rt]

¢ < o= (6)
t AV — E, [5Qt,t+1 (Rt+1 Rt)]
and the non-negative relatively the effective multiplier )\,'? such that
)\t:maX{O 1-— G } (7)
AUy

where (; is the marginal return of net worth and €2, ;;, is the augmented SDF.

Equation 6 suggests that the larger the borrowing cost 5€2; ;1 R, is, the less money mutual

2Denote v is the Lagrange multiplier of corollary constraint 3 and ), is called the effective multiplier as

— _Ut
)\t T 14ve




funds want to borrow. Therefore, the lower boundary of the leverage is as the mutual funds
have smaller borrowing demand and lower liability volume'®. Additionally, the larger the excess
return of firm equity £ [BQt,t—O-l (Rf 1 Rt)] is, the more valuable the mutual funds are, and
Vi becomes larger. Consequently, the mutual funds’ collaterals become more valuable, and they

can borrow more from the central bank, which expands the upper boundary of the leverage ratio.

2.3 Intermediate good producer

Intermediate good producers use a production function with constant returns to scale Y,” =
ATFP (U6, K, )" L~ to produce intermediate goods at time ¢. K;_; is the total capital used;

Ly is the labor demand; AP

is the technology level; and U, is the capital utilization rate, which
is determined at time t'*. &, is the effective capital shock, and all the old capital after production
P P P

will be £, K,_;"°. Therefore, the law of motion of capital is
K=K 1+ 1, — 6 (Up) &K (8)

The depreciation rate § (U;) is a function of capital utilization U; which is first-order convex and
second-order semi-convex, such that &’ (-) > 0 and ¢” (-) > 0'°"7,
The intermediate goods producers choose U; and L; to produce goods and pay wage costs,

depreciation costs, and real fixed costs. They solve the problem
1/ = maxP"Y" = WLy = 6 (Uy) €Ky = 7y 9)
t,Lt
where 7= is the real fixed production cost that is refunded to equity holders and will be sent
back to the investment bank to ensure the fixed cost is non-distortional'®. This refund to the
investment bank is to maintain the non-distortion of the fixed cost. Note that the real depreciation

cost is  (Uy) & K4 instead of Q40 (U;) &K1, which isolates the inflation and price setting

problems from capital fluctuation. Therefore, the gross equity return of the intermediate goods

3Rewrite equation 6 as ¢ = O Lle“] . Since \? — E, [BQMHR?H] < 0 alarger E; [8Q4 1+1R:]
5 t
E¢[B8Q¢ ¢ 41 Re] +1

induces a lower ¢.

14This form of production function is proposed by Greenwood et al. (1988) to generate endogenous depreciation
rate and more fluctuating real rental rate of capital.

I5This is directly followed from Merton (1973) who uses effective capital to generate a component within asset
return which is a pure “shock” and is not connected with fundamental economy. Incorporating this effectiveness
shock into model talking about unconventional monetary policy is firstly proposed by Gertler and Karadi (2011) and
Gertler and Karadi (2018). which helps to increase the volatility of the capital return R* and the power of financial
accelerator.

16Incorporating this convex depreciation function can help to generate the investment response and equity return
to shock which is argued by Jaimovich and Rebelo (2009); Christiano et al. (2014).

"The key element that is related to the response is the capital utilization elasticity of marginal depreciation
6;'/((1;))“_ Therefore I use the depreciation function § (u;) = & + 1‘20 ultv — 1’4?” where Y,, = QQU%TKE.

'8The only effect that 7, does is to match RF at steady state as Favilukis et al. (2017) and Bianchi and Mendoza
(2018) did.
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producer is

Hf+T m

[ githl + Qt] gt
Qi1

The intermediate goods producers do not have a balance sheet and are all owned by mutual

Rj =

funds, ensuring that the stock market clearing condition S; = K; holds. The intertemporal
optimization problem related to the state variable K is in fact solved by financial institutions, a
setting that is equivalent to an environment where firms have a balance sheet and can accumulate

net worth and solve the intertemporal problem through borrowing from the financial market'”.

2.4 Retailer and Final good producer

Retailers buy intermediate goods and differentiate them with monopolistic power, which allows
them to freely set the price. Final goods producers use the differentiated goods from retailers
to produce final goods via the standard CES function Y, = [ fol Y}(f”_l)/ G”dj} el in a
competitive market.

Retailers set the retail goods price based on the strategy proposed by Calvo (1983) such that

o0

T P* J
H}QXEtZ(%) At pyr Pt—ﬁHHZikq — P Yir
A — T k=1
P\
st. Y, = —]) Y (10)
Jt (-Pt t

Denote yi; as the price dispersion which is defined as

1 —0, -0 Y, —0Op
P\ 7" I\ L2,
[ (22) gi=a-0 (= 0 )
L /0 <Pt) lj = ( )<Ht> + ( I, fhi—1

Therefore, equation 10 can be written as Y, = 11, Y}.

2.5 Capital producers

Capital producers use final goods to produce physical capital and bear production costs according
to the function f (1, ,, I, ,—1), which helps to match the investment response with respect to

monetary policy?’.

Capital producers may earn profits, which are ultimately transferred to
households via lump-sum transfers.

The capital producers maximize their present discounted real profit by choosing the net

Carlstrom et al. (2012),Coenen et al. (2018) and Sims et al. (2022) use this type of setting. Carceles-Poveda
and Coen-Pirani (2010) did a deeper investigation on this equivalence.
20This is firstly argued by Christiano et al. (2005).
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investment this period such that

maXEt Z BT_tAt,t-H' {(QT - 1) ]n,T - f (In,T7 ]n,T—l) (]n,’r + Iss)}

T=t

1/} In,T + Iss i
s.t. f (In,T7 Inﬂ'*l) - 7[ ﬁ !

where [, ; is the net investment after depreciation such that I, , = [, — 0 (Uy) & ;1.
This closes the supply market of capital and pins down the capital price as a convex function

of investment, which follows

Q _1+¢I < [n,t+]58 1)2+w1( In,t+lss 1) In,t+[ss
. = PR I LS LA LA LA

2 ]n,t—l + Iss ]n,t—l + ]ss In,t—l + ]ss
Lupsr + L L+ I\’
E A 101 (—]’t+l+ 7 1) (—I’Hl_{_ 7 ) (11)
n,t 88 n,t EE]

2.6 Central Bank and Government

Either households or mutual funds can borrow money D! from the central bank at time ¢ and
then pay the gross interest rate R, at time ¢ 4+ 1. Meanwhile, they also buy long-term treasury
bondsB;® and earn a gross return of 1 + pgf ,, realized at time ¢ + 1, which is paid by the
government at a geometric decay rate p°!, following the budget constraint 13.

The government issues the long-term treasury bonds B at time ¢ and funded its budget

constraint by seigniorage 7} from central bank follows

T,=T; - %Bf_l +q. B (12)
T; + D} — R 1D + D" = R, D}, = %Bf& —a/ By (13)
where
B} = B+ B" =0 (14)
By = / b di (15)
Df _ _ ppHEM b?HtM (16)

where m represents mutual fund companies and h represents households. Further, I assume the
supply of long-term bonds from the treasury department is constant at zero, which helps isolate

the effect of monetary policy. I can simplify the equations 12 and 13 under the zero bond supply

2I'This type of modeling long-term bonds is followed by Woodford (2001)

12



assumption to

1+ pgP)

Ti+ Di = Rea D)y + D" = Ry D}y = ¢/ By — ( o B (17)
t

Moreover, the government is also in charge of providing income subsidies to hand-to-mouth
households, which are funded by the labor income tax 7 following the clearing condition
Tw, Ly = ( pPHEM thtM) QUM

During the non-ZLB episode, the central bank stabilizes the economy via conventional

monetary policy such that it directly sets the nominal interest rate R, following the Taylor rule

1
oyt \ ™ Y o
IT Y

where 7MF is the monetary policy shock. Variables without time subscripts denote the steady-

—0,

71 (18)

Rt = Imax RfllEt

state values of corresponding variables. The real interest rate is pinned down by the nominal

R
Meyr”

interest rate R, =

In addition to conventional monetary policy, the central bank can also implement unconven-
tional monetary policy by increasing its holdings of long-term treasury bonds. Since the supply
of treasury bonds is fixed, as stated in equation 14, controlling the central bank’s holdings of

long-term bonds is equivalent to controlling the holdings of long-term bonds by mutual funds.

(1)

Following Cui and Sterk (2021) and Sims et al. (2022) I assume the money used to implement

Therefore, I set the QE policy rule’” as

QE QE
m m 97- 67r
Bt _ Bt—l

Bm Bm

v 0QE 1-2%
(ﬁ) ] P (19)

QE policy is funded by household with lump-sum tax

QFBtm_DiL :ch

3 The power of QE: Decomposition

Utilizing the baseline model introduced in the previous section, I decompose the power of QE to
expand output into two channels: the liquidity channel and the interest rate channel, presenting
tractable analytical results in this section. By calculating the partial derivatives of output with
respect to the derivatives of bond prices and bond values, I demonstrate how different QE

mechanisms—either direct (balance sheet effect, pecuniary effect) or indirect (wage income

2Since B + B = 0 where B™ is opposite to B¢?, the coefficient o reaction should be negative such that
99F < 0,697 <0
T Yy .
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general equilibrium effect, redistribution effect)—can be synthesized into these two channels,
and they are distributed symmetrically or asymmetrically. Some mechanisms exist only in one

channel, while others appear in both channels.

3.1 Transmission mechanism

What we can observe after the central bank implemented unconventional monetary policy is that
AgP B becomes negative since the central bank holds more long-term treasury bonds. At the
same time, Ag? is positive as the long-term yield decreases due to increased demand for the
long-term bonds. The endpoint of unconventional monetary policy is that AY; is positive, thus
stimulating output, which has been widely investigated empirically”’. There are several paths we
can take from the starting point (negative Ag” B{" and positive AgP) to the endpoint (positive

AY}), which I have summarized in Table 1.

Table 1: QE Decomposition

’ QE effect H Liquidity channel \ Interest rate channel

Supply side liquidity easing pecuniary easing
Demand side | redistribution effect | substitution effect

3.1.1 Liquidity channel

The liquidity channel states that unconventional monetary policy stimulates the economy by
injecting liquidity into the market. In this sense, the liquidity that the central bank injects is
just |Ag? B

exchange for the long-term treasury bonds that the financial institutions previously held. Financial

, as the central bank provides this amount of money to financial institutions in

institutions will use this liquidity to invest in the supply side (firms) to induce more investment
and production. In other words, unconventional monetary policy crowds out the holding of long-
term bonds by financial institutions, which forces them to readjust their investment portfolios
and put more investment on the production side to stimulate the economy?>*.

Financial friction ensures that this liquidity injection is effective so that financial institutions
will indeed use this extra liquidity to invest rather than to pay off their debts or accumulate new
net worth. From equations 6 and 7, we can understand that if financial frictions did not exist or

if the financial institutions were not in constrained states, it would be suboptimal for financial

ZThe output-stimulation effect of unconventional monetary policy is identified by Baumeister and Benati (2012);
Kapetanios et al. (2012); Stock and Watson (2012); Weale and Wieladek (2016); Wu and Xia (2016); Di Maggio
et al. (2020); Bauer and Rudebusch (2014); Swanson and Williams (2014); Engen et al. (2015); Hesse et al. (2018)
and is summarized by Kuttner (2018); Lombardi et al. (2018); Borio and Zabai (2018)

241t works like the increased government spending contemporaneously as it expands the output by more demand
through which the government increases its expenditure even though it does nothing more and drops this expenditure
into the sea. However this supply-side stimulation is persistent because capital is a state variable and complementary
to labour which will generate a long-lasting effect.
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institutions to spend this liquidity on investing in equities. When ¢, is not fixed at the upper
boundary, it is optimal for financial institutions to decrease their debt D}" and increase their
net worth /", as the leverage ratio is not bound, giving financial institutions the propensity
to decrease their debt. This partially explains why quantitative easing does not always work,
for instance, in Japan. This effectiveness shows that financial friction is a double-edged sword
for the economy and the central bank. During normal times, it causes the underinvestment
problem because financial institutions cannot borrow as much as they want to invest, so the
capital level is, in fact, below the optimal level. However, during the ZLB period, it contributes
to the effectiveness of unconventional monetary policy by ensuring that the monetary policy
works to stimulate the economy and decrease the real interest rate.

Additionally, financial frictions can also amplify the power of unconventional monetary
policy as they may act as an accelerator for economic activities, which is referred to as the
financial accelerator”. If the leverage ratio and net worth were fixed so that there was no
endogenous portfolio adjustment, the ‘Ath Btm] amount of crowded long-term bonds would

ultimately generate a \° |Ath B;”| amount of new investment in equity, given the leverage ratio

. )\b Bbm
is ¢, = Quset N\ b

- . The endogenous leverage ratio will further enlarge the effect, which is

the heart of the financial accelerator such that the financial market responds more to shocks
compared to the production side. This overresponse amplifies the shock’s effect and induces the
economy to become more fluctuant.

In addition to the stimulation generated by financial institutions, there will always be the
general equilibrium effect to which the demand side contributes. Take the standard Euler equation
u, = BRyEyu,,, as an example. The real rental rate of capital R} is closely linked with the
real interest rate F?; as more investment will result in more production and higher inflation IT; ;.
Because unconventional monetary policy is implemented at the ZLLB when the nominal interest
rate 1s fixed, R; will decrease, as driven by the Fisher equation. The decreased real interest rate
will encourage households to consume more, following the Euler equation. The money they
use to consume is the extra wage income paid by intermediate goods producers as there is more
demand for final goods.

Moreover, apart from the standard Euler equation mechanism, the demand-side general
equilibrium effect will be further magnified by heterogeneous households. If there were some
households who were financially constrained so that their consumption did not follow the Euler
equation, the general equilibrium effect would be amplified as these hand-to-mouth households
consumed all the increased wage income, generating a strong feedback loop to the production
sector. In addition to this Keynesian-cross effect, there is also a redistribution effect amplifying
the power of unconventional monetary policy, akin to the redistribution channel analyzed by
Auclert (2019) and Luetticke (2021). It is the real credit borrowed from households that the

central bank uses to buy long-term treasury bonds from financial institutions. Non-hand-to-mouth

ZThis is first proposed by Bernanke et al. (1999)
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households pay the cost of unconventional monetary policy, whereas they only earn some of the
profit prompted by economic stimulation. This redistribution mechanism enlarges the effect of
unconventional monetary policy as it redistributes wealth from non-hand-to-mouth households

to hand-to-mouth households, who have a larger marginal propensity to consume.

3.1.2 Interest rate channel

The unconventional monetary policy not only decreases the holding of long-term treasury bonds
by financial institutions but also twists the term yield and decreases the long-term interest rate.
A positive Ag? will also stimulate the economy, albeit through a different mechanism, the
interest rate channel. The element related to long-term bonds within the budget constraint of
the financial institutions is (1 + p®¢P)B", — ¢P B, which indicates that at time ¢, financial
institutions hold (1 + p®¢?) B, amount of market-value-based long-term bonds. In addition
to the bonds they have held since the last period, they choose B;" to take to the next period
for which they spend ¢” B of money to buy. Even though there is no liquidity injected by
the central bank as ¢” B/ is fixed, the economy is still stimulated because financial institutions
can still obtain some liquidity from the bonds they have held since the last period, as now
the price of long-term bonds is higher. After this pecuniary easing, financial institutions will
invest more in corporate equity, leading to more investment and production. The non-arbitrage
condition N’ Ey 30y 411 (RF,, — Rt) = EfQ 41 (RP, — R:) inspires financial institutions to
invest more in the production sector as well, because the expected return of long-term bonds
drops as RP, = %. Similarly, the financial friction will strengthen the interest rate
channel, although the response may not be as large as with the liquidity channel since there is no
liquidity injection and all the amplification comes from endogenous leverage decisions.
Likewise, unconventional monetary policy can also stimulate the economy on the demand side
via the interest rate channel, yet it operates on a completely different principle. Unconventional
monetary policy changes the returns and portfolio of financial institutions, which subsequently
varies the return on illiquid assets as the financial institutions are also suppliers of the illiquid
asset. By examining equation 5, we can see that the return of financial institutions will increase
because R and RF will increase. The increased price of long-term treasury bonds initially
drives up the return on long-term bonds this period (but drives down the expected return next
period, which is also the current yield for this period*®). Due to the non-arbitrage condition
and financial friction, the financial institutions increase their investment in equity, which in turn
increases RY as more investment leads to a higher capital price, although it also decreases the

expected return of equity next period as more capital means a lower real rental rate.

Proposition 1. Denote the PE effect of unconventional monetary policy to illiquid asset return is

201t is worth to notice that the yield to maturity this period ¢; !4 pP — 1 also decreases.
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Proposition 1 shows that the partial equilibrium effect of unconventional policy on illiquid
asset returns via the liquidity channel is positive within a first-order linear system. Meanwhile,
from equation 72, we know that if we also consider the capital and goods markets, the above
effect will be larger. The financial accelerator further expands this effect through endogenous
leverage and a feedback loop. This inflated illiquid asset return may work positively or negatively
on the demand side, which is determined by the illiquid asset substitution effect of households. A
larger ]5:? will affect neither wealthy nor poor hand-to-mouth households since the consumption
of the former is governed only by the real interest rate and the latter is governed only by
budget constraints (but they do not hold any illiquid assets). Conversely, a larger f%g will
affect the wealthy hand-to-mouth households as they indeed hold the illiquid asset, and their
consumption is governed by the budget constraint. However, whether this effect is positive or
negative is regulated by the substitution effect of wealthy hand-to-mouth households. They
can consume most of the increased asset return and save a small amount of it; alternatively,
they can also save most of the increased asset return or even decrease their consumption to
further invest in the illiquid asset because now the illiquid asset return is higher?’. I assume that
the illiquid asset withdrawal X is fixed in the baseline model for tractability, so that the PE
effect of unconventional monetary policy on the demand side is muted. Nonetheless, the general

equilibrium effect of unconventional monetary policy on the demand side always persists.

3.2 Transmission magnitude and Complementary effect

In the previous two subsections, I argued that unconventional monetary policy works through
liquidity and interest rate channels on the supply and demand sides separately, yet they do
not only influence the economy separately. They also have a positive cross effect through
which unconventional monetary policy stimulates the economy. This complementary effect is not
unique to unconventional monetary policy; Bilbiie et al. (2022) first proposed this complementary
effect for conventional monetary policy, which they called the multiplier of multiplier effect. The
proposition below decomposes the stimulation power of unconventional monetary policy into

the liquidity channel and interest channel.

Proposition 2. When the price and depreciation rate is fixed, the contemporaneous effect of
unconventional monetary policy on output can be decomposed to liquidity and interest rate

channel such that

?TThis substitution effect is propelled by the marginal propensity to take risk which was first argued by Kekre and
Lenel (2021).
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Firstly, let us focus on the non-cross effect at the supply and demand sides. The heterogeneous

household on the demand side is involved in the denominator for either the liquidity channel
or the interest rate channel. The existence of idiosyncratic shocks and precautionary saving
augments the power of unconventional monetary policy through hand-to-mouth households as

C™ is now smaller than its value in the representative agent model. Nevertheless, the income
(1—7)WL
hn
is earning the wage income, and the GE effect cannot work through this’®. The phenomenon

effect is now attenuated as is larger (h™ < 1) because only the wealthy household
that these two effects offset each other is just the difference between average consumption
and cross-sectional consumption dispersion, as argued by Debortoli and Gali (2022). As they
argued, if we allow the hand-to-mouth households to work and the hand-to-mouth community is

generated endogenously by financial friction, as Kaplan et al. (2018) did, instead of purely by
(1-7)WL
hn

channels as the stimulation starts from the production sector where financial institutions invest

assumption, the attenuation effect would vanish. This GE effect will emerge in both
and passes to the household sector via the income effect.

In addition to the GE effect on the denominator of equations 20 and 21 through which either
the liquidity channel or the interest rate channel works, there is another redistribution effect
on the numerator for the liquidity channel, which I call the redistribution credit effect. The
money that the central bank uses to buy long-term treasury bonds from financial institutions is
funded by borrowing from households, specifically, wealthy non-hand-to-mouth households.
The non-hand-to-mouth household pays 1 unit of money to the central bank, which passes it
to financial institutions in exchange for 1 unit of market-value-based long-term treasury bonds.
However, there are two channels through which this 1 unit of money returns to households: one
is through the net worth of the financial institutions, and the other is through the liabilities of the
financial institutions, which ultimately flows into lump-sum tax transfers because they fund their

liabilities by borrowing from the central bank. Hence, there is a redistribution effect such that

28In my model, there is no cyclical redistribution problem as proposed by Broer et al. (2020). The offset problem
they argued is based on the assumption that the wealthy household does not supply labor and captures all the equity
return from firms. In this type of setting, the effect of countercyclical wage income on hand-to-mouth households
will offset the effect of procyclical markup on non-hand-to-mouth households. Therefore, the total effect will
become very small, but only the redistribution effect exists.
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hin — 1 amount of wealth is redistributed from non-hand-to-mouth households to hand-to-mouth
households. Along with this redistribution credit effect, there is an extra term % that comes from
the portfolio adjustment effect through which the financial institutions’ portfolios are adjusted
because the long-term treasury bonds they previously held are crowded out by the central bank.

Aside from the non-cross effects at the supply and demand sides, unconventional monetary
policy works complementarily at both sides. Proposition 2 shows that ©7'¢" is one of the
complementary effects at the supply and demand sides. o} is the component related to the
demand side, and it takes effect through the general equilibrium Yo — 0 K. This effect is
amplified by the heterogeneous household through lump-sum tax transfers ¢, unemployment
insurance ! , and consumption dispersion %. 7" is the component related to the supply side,
which determines the direction of complementarity between heterogeneous households and
financial friction. The proposition below decomposes the components of complementarity in the
financial market into two effects: the redistribution return effect and the redistribution wealth

effect.

Proposition 3. The complementary component of stimulation effect at supply side can be further

decomposed as

1—6m+6my.  RF 1 1\ ¢r 1

m— ( N* A 1+ )21 -8A) —(1-=
1 < g RF—RKQ + 1/ +¢> 5 (178 )\ s)¢
redistrib;tqon return redistribt?t?on wealth

The redistribution return effect comes from the contemporaneous asset return, which is
expanded by unconventional monetary policy since more demand for output entails a larger
real rental rate. However, this inflated return is entirely captured by wealthy non-hand-to-
mouth households, which does not contribute to the GE stimulation on the demand side as
their consumption is driven by the real interest rate in the Euler equation. The redistribution
wealth effect is similar to the redistribution credit effect in the liquidity channel but occurs at
a different position of the asset. The redistribution credit effect relates to the credit from the
central bank to wealthy households, from whom the central bank borrows 1 unit of money (to
buy long-term bonds) but only refunds hin back to them, which I denote as D" in the model part.
The redistribution wealth effect relates to the asset and net worth of financial institutions whose
capital holding increases by 1 unit of money in value because of the stimulation from the central
bank, but only é is owned by wealthy households. The remaining 1 — i portion is ultimately
owned by hand-to-mouth households.

It is obvious that these two effects offset each other. The redistribution return effect abates
the amplification ability of consumption inequality, as a large proportion of the excess return
is earned by the wealthy household. Meanwhile, the redistribution wealth effect contributes in
another direction, as not all the stimulated boom of assets belongs to the wealthy household,
despite there being é amount. The complementary component on the supply side works as the

multiplier of multiplier, and the financial friction here acts as the multiplier of the multiplier of
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multiplier because the leverage ratio ¢ is greater than 1.
The corollary below implies that only when the redistribution wealth effect overwhelms the
redistribution return effect will the complementary effect between the financial accelerator and

heterogeneous households further magnify the effect of unconventional monetary policy.

Corollary 1. The contemporaneous effect of unconventional monetary policy to output is magni-
fied by complementarity between demand side and supply side as long as capital price at steady

state is not too small.

Proof. 1t is straightforward to prove that as long as () is not too small, " will be negative. The

effect through the interest rate channel will be larger, as shown in equation 21. I can also derive

h
the relationship that jiohln < ¢l from their definitions, so that a negative 7" will also increase the
effect through the liquidity channel, as indicated in equation 20. [

Given the calibration in next section figure 1 reveals the coefficient value of liquidity channel
¢, and interest rate channel ¢ g, after varying different parameters. 1a shows that complementary
effect grows stronger along the process through which redistribution wealth effect surpassing
redistribution return effect. 1b shows that the stimulation effect via liquidity channel expends,
accompanying the severity of consumption inequality. Nevertheless the effect through interest
rate channel becomes more and more silent because the complementary effect is negative to the
inequality at steady state where I pin down the capital price to 1. 1c illustrates the amplification
power of financial accelerator through the random exit and entry. When the possibility to exit
is higher (6™ is smaller), the financial institutions will respond to unconventional monetary
policy more intensively, ergo larger stimulation power. At steady state the ratio of stimulation
power between these two channels, z—;, is 1.26 , a number which is close to the empirical result.
The empirical stimulation power ratio 2—% to the media impulse response at figure 5 is 1.46,
averaging along the time line.

Given the calibration in the next section, figure 1 reveals the coefficient values of the liquidity
channel ¢}, and the interest rate channel (g, after varying different parameters. 1a shows that the
complementary effect grows stronger through the process in which the redistribution wealth effect
surpasses the redistribution return effect. 1b shows that the stimulation effect via the liquidity
channel expands, accompanying the severity of consumption inequality. Nevertheless, the
effect through the interest rate channel becomes increasingly muted because the complementary
effect is negative to inequality at steady state where I pin down the capital price to 1. Ic
illustrates the amplification power of the financial accelerator through random exit and entry.
When the possibility to exit is higher (6™ is smaller), the financial institutions will respond
to unconventional monetary policy more intensively, ergo larger stimulation power. At steady
state, the ratio of stimulation power between these two channels, i_sz’ is 1.26, a number which is
close to the empirical result. The empirical stimulation power ratio 2—% to the median impulse

response at figure 5 is 1.46, averaging along the timeline.

20



S-08r

0.6 [

0.4

05 06 07 08 09 1 11 12 13 14 15 0.03 0.08 013 0.18 0.23 0.28

Q hv
(@) (b)
0.9 0.85

— L]
—®¥R 08k

0.85

08 F
0.75 -

0.7
S- 065 4 9 07F

06
0.65 -
0.55

05F
0.6 -

0.45 -

04— 1 1 1 1 1 1 1 1 1 1 0.55 1 1 1 1 1 1 1
0.66 068 07 072 0.74 0.76 0.78 0.8 0.82 0.84 0.86 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

om /\l)

(© d

Figure 1: Complementary effect

4 Quantitative experiment

The argument in the last section about the two channels through which unconventional monetary
policy works is restricted and conservative because of unrealistic assumptions such as fixed prices
and depreciation rates. Therefore, I solve the model quantitatively in this section to clarify the
channels through which unconventional monetary policy operates. After calibrating the model
and then comparing the quantitative results with the estimated empirical impulse responses, I
conduct some counterfactual experiments to quantitatively exhibit the power of unconventional

monetary policy on different channels.

4.1 Calibration

The calibration process is standard and supported by literature, consisting of four main parts:
household, financial institutions, central bank, and production sector. I only elaborate on the first
three parts and relegate the production sector to an appendix, where parameters come from the

literature. All of the key parameters in these three sectors are summarized in table 2.
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4.1.1 Household

The parameters in the utility function are standard; I set the intertemporal elasticity of substitution
o to 2, as well as the inverse Frisch elasticity ). The disutility of labor « is set to 1 for convenience
and conventionality. The discount factor is set to 0.98, which is a common value to match the
precautionary saving motive in heterogeneous agent literature, as done by Auclert et al. (2021).
The real interest rate of liquid bonds is 2% at an annual rate, which is close to the interest rate
before the Great Recession. The shares of different types of households come from the literature
and are identified by Kaplan et al. (2014). The shares of poor hand-to-mouth households APH™M,
wealthy hand-to-mouth households A"Y"*™  and non-hand-to-mouth households h**M are 0.121,
0.192 and 0.687, respectively. The probability of a household entering into a hand-to-mouth
state from a non-hand-to-mouth state pY is 0.044, targeted by the monthly inflow rate of
unemployment at 1.5%, as collected by the Current Population Survey. Meanwhile, I assume that
conditional on becoming a hand-to-mouth household, a non-hand-to-mouth household uniformly
becomes either a poor hand-to-mouth or wealthy hand-to-mouth household following their
relative group size, so that pPHtM = pEU% = 0.017 and p*HM*M = 0.027. Although the
total illiquid asset withdrawal is determined at steady state by the market clearing condition, the
distribution of the withdrawal is not. To calibrate the distribution of illiquid asset withdrawal,
I adjust the withdrawal ratio ))é:—::x to match the income-over-output ratio of wealthy hand-to-

mouth households?’.

4.1.2 Financial Institutions and Central Bank

The relative collateral constraint between equity and long-term bonds, \°, is 0.83 as proposed
by Gertler and Karadi (2018) and Karadi and Nakov (2021). The gross collateral constraint,
AV, targets the leverage ratio at 6. The geometric decay rate of long-term treasury bonds is
set to target the duration of long-term bonds as 10 years. I calibrate the proportion of startup
companies, @, to match the public debt-to-GDP ratio. Further, I calibrate the possibility of
mutual fund survival at 0.85 to match the quarterly equity return R* = 1.0256, which I derive
from the stock market as operating income after depreciation (Compustat item OIADPQ). This
survival rate is slightly lower than that in previous literature, which does not match the equity
return and assumes the excess return as zero. However, I target the return because my focus
is on the financial market’s contribution to the power of QE, in which the asset return and the
non-arbitrage condition between different markets are important.

The parameters that influence monetary policy are directly taken from Cui and Sterk (2021)
and Sims et al. (2022), where the central bank does not adjust the holding of long-term bonds

endogenously, and 0% = ng E = 0, because this helps to decompose the different mechanisms

wHtM
PThe data of < ' is calculated based on the average annual income of wealthy hand-to-mouth household

which is roughly 40000 dollars in US at 2010 price and estimated by Kaplan et al. (2014). Then based on the

HtM

population and nominal GDP at 2010 we can get "’WY = 0.82.
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through which QE works™.

Table 2: Key Parameter Values

Parameter Value Description
6] 0.98 Discount factor
T 0.25 Labor income tax
p 0.995 Geometric decay rate of long-term bonds
om 0.85 Exist rate of mutual funds
AP 0.83 Relative financial friction slackness
AV 0.36 Absolute financial friction
pHM 0.313 Share of hand-to-mouth household
ppHeM 0.687 Share of non hand-to-mouth household
pWHM 0.192 Share of wealthy hand-to-mouth household
hPHM 0.121 Share of poor hand-to-mouth household
ptY 0.044 Possibility go from nHtM to HtM
pUE 0.097 Possibility go from HtM to nHtM

RVHMIHIM 0 613 Share of wealthy hand-to-mouth conditional on HtM
RPHEMIHEM () 387 Share of poor hand-to-mouth conditional on HtM

X 0.55 Total illiquid asset withdrawing

4.2 Quantitative result

I first conducted a simulation based on my baseline model to show that the model successfully
replicates some critical macroeconomic facts during the implementation of a large-scale asset
purchasing policy. I fixed the nominal interest rate at the steady state to mimic the ZLB condition
and considered a 1 percentage point unexpected unconventional monetary policy shock, 7,? E
Figure 2 shows the impulse response to the unconventional monetary policy shock. The central
bank spends real money borrowed from households to buy long-term treasury bonds from
financial institutions, which expands the demand for long-term treasury bonds and increases the
bond price by 0.64 percent. This crowds out the long-term treasury bonds’ holding of financial
institutions and inspires them to invest more in the stock market, which triggers substantial
physical investment. The expansion in capital demand elevates the capital price and spurs the real
economy through both partial and general equilibrium. The crowded long-term treasury bonds
are replaced by investment, generating a stimulation in output through partial equilibrium. In

addition to the physical investment, the labor market is also activated and the households increase

30The goals of this paper is not to find the optimal monetary policy rule.
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their consumption as their labor income jumps. This jump, compared with that in physical capital,
generates stimulation in output through general equilibrium. Combining the partial and general
equilibrium effects, the output experiences a maximized jump of 0.656 percent corresponding
to a 0.485 percent jump in consumption. The increased demand for the final good encourages

retailers to set higher prices, pushing up inflation and generating a boom.
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Figure 2: IRF to an unexpected expansionary unconventional monetary policy shock

In addition to inflation in the capital and goods markets, unconventional monetary policy
decreases the interest rate on long-term bonds Rfjrl, which acts as the shadow rate of the
economy. The model shows that a 0.38 percent decline in the shadow rate stimulates a 0.64
percent increase in real output, a finding supported by the empirical research of Wu and Xia
(2016), which showed a 0.59 percent output effect with the same decline in the shadow rate.
Figure 3a displays a comparison of the impulse response between the empirical identification and
the model’s simulation, revealing that the model indeed can help us to unveil the mechanisms
of stimulation of unconventional monetary policy’'. In addition to empirical identification
focusing on the shadow rate, other scholars have tried to use accumulated asset purchasing

announcements to identify the power of unconventional monetary policy*>. The model yields a

3IHere I compare the absolute value of first-order difference in output after the first period. The reason is that the
VAR result of Wu and Xia (2016) generates a permanent shock in output which implies all the AY; in their model
are positive. However in my model the QE shock is transitory so that all the AY; is negative as long as there is no
hump shape or over shooting. Therefore I plot the absolute value in figure 3a otherwise the line will be symmetric
along the x axis.

32Gambacorta et al. (2014); Panizza et al. (2016); Weale and Wieladek (2016); Hesse et al. (2018) did these work
and used the accumulated asset purchasing announcement as the unconventional monetary policy shock to identify
the QE effect to macroeconomic.
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(0.76 percent jump in GDP at the peak, given spending on monetary policy equivalent to 1 percent
of GDP at an annual rate, a figure that aligns closely with the empirical findings*® of Weale
and Wieladek (2016). Figure 3bshows the association between the model and the empirical
results of Weale and Wieladek (2016) by rescaling the money that the central bank used to buy
long-term treasury bonds**. The comparison between empirical identification results and the
simulation results generated by the model provides the rationality of the model, affirming that it
indeed represents what happened in reality quantitatively. Thus, it is credible to use this model
to conduct several counterfactual experiments to disclose how unconventional monetary policy

works via the interest rate and liquidity channels.

|AY| Y,
—Model —Model
——Wu and Xia (2016)

——Weale and Wieladek (2016)

0.5

——Model
——Weale and Wieladek (2016)

-0.1F
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——Wou and Xia (2016)
0 2 s 6 ’ 10 2 o 2 s 6 s 10 12

(a) Comparing to Wu and Xia (2016). (b) Comparing to Weale and Wieladek (2016)

-0.31

-0.4

Figure 3: Model vs Empirical. IRFs are in percentage level.

Proposition 2 shows that the pecuniary effect is pivotal in the interest rate channel, which is
regulated by the geometric decay rate p. Accordingly, the QE effect via the liquidity channel
could be isolated as long as p = 0, a condition where the interest rate channel is silent and
only the liquidity channel is left*>. Additionally, the effect of unconventional monetary policy
on the supply and demand sides can be transparently revealed by replacing the heterogeneous
households with a representative household*® or weakening the capacity of the financial accelera-
tor’’. Figure 4 illustrates the stimulation power of unconventional monetary policy with different

channels given the same influence on the shadow rate®® at time 0. The solid black line represents

3By the identification scheme 2 they yield a 0.77 percent jump in GDP at the peak.

34The reason why relative effect of GDP is smaller, comparing to 0.76 vs 0.77 at the peak, is that the result of
Weale and Wieladek (2016) is based on monthly frequency but the model is based on quarterly frequency (though
the peak point is comparable as their meaning is percentage deviation from steady sate where two results have
different steady state). To convert their result to quarterly frequency I need to take sum of GDP but take mean of the
accumulated asset purchasing. This mutated the stimulation effect of their work.

BT experiment I set p to a infinit small number, 10~8, instead of exactly at 0 for computational convenience.

35The interest rate at steady state changes to + at RA scenario because the precautionary saving motive disappears
under representative-household setting but the Euler equation still holds.

37To be consistent with the argument in last section I undermine the effect of financial accelerator by setting the
possibility of surviving 6,,, close to 1.

8Since at different situations the amount of long-term bonds and price are different at steady state, it is
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the combination of all mechanisms through which unconventional monetary policy operates,
and it is the largest one in output because all four effects in table 1 are positive. After shutting
down the interest rate channel, we can observe that the stimulation effect on output becomes
smaller, as now the stimulation only acts via the liquidity channel, despite the extent of the drop
not being large. This is shown by the dashed blue line, which lies below the baseline model
almost throughout the timeline. The real GDP increases by 0.4 percent at the peak through
the liquidity channel, which is roughly 60 percent of the effect in the baseline model. The
gap in output between these two lines implies that the ratio of the two stimulation channels,
Z—g, is approximately®® 1.5, which is slightly larger than the analytical result of 1.3 (derived
under ultra assumptions) and exactly the same as the empirical result in the next section. The
difference between the baseline and liquidity models suggests that unconventional monetary
policy stimulates the economy across these two channels, which have the same direction yet
different diameters. The liquidity channel helps to engender immense stimulation relative to the
interest rate channel because the central bank injects liquidity into the market and boosts more
demand for physical capital when the financial institutions are constrained and lack liquidity.
Furthermore, the two channels, interest rate and liquidity, are connected with the supply and
demand sides of the economy, into which financial institutions flow funds. Figure 4 shows that
neither the supply side nor the demand side plays a significant and central role through which
unconventional monetary policy undertakes stimulation. It is the complementarity between the
supply (financial friction) and demand (heterogeneous household) sides that makes monetary
policy effective again during the ZLB period*’. The dashed pink line delineates the refined
demand side effect through the HANK model, where only heterogeneous households exist,
yet no financial accelerator. Similarly, the dashed green line highlights the pure supply side
effect through the RANK model, where only financial friction prevails, yet no heterogeneous

household, regarding the baseline model*'

. Both of these models generate a slight stimulation
on output and pertain to a higher shadow rate compared to the baseline model which combines

them. The vast disparity ascertains a new discrepancy between conventional and unconventional

inappropriate to compare with the same influence on the amount of crowded long-term treasury bonds or the money
spent by central bank. Therefore shadow rate is the best one to connect the power of different channels compared to
other state variables, response of which is determined endogenously and influenced by their steady states. Moreover,
matching shadow rate can also tie the model to the VAR identification in next section.

31 approximate the effect of interest rate channel pr = 0.6562 — 0.3944 = 0.2618 by assuming the effects of
these two channels are separable and additive. Therefore the ratio of the effect of two channels % is approximated

with 33844 — 1.5,

40The “complementarity” here is different with the “complementarity” in proposition 2. In previous section
the complementarity ¢! is the effect conditional on the existence of heterogeneous household and financial
accelerator. The complementarity in figure 4 is the difference between “together” effect and “separate” effect. In
other words to identify the complementarity in figure 4 I also change the HA effect and financial accelerator effect in
proposition 2. C™ £ + (1_;#, 7 — 1, ¢, b and other factors changed when I identified the complementarity
in figure 4.

4IThe RANK model is modified by endogenous illiquid asset withdrawing following the extension experiments
in appendix of Cui and Sterk (2021) because RANK model with exogenous withdrawing cannot be solved as
Blanchard-Kahn condition is not satisfied. The extension in appendix B.1 implies that the response of RANK model

in figure 4 is a conservative result as endogeneity amplifies the power of unconventional monetary policy.
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monetary policy. Even though both heterogeneous households and financial friction can magnify
the effect of conventional monetary policy separately, they hardly take effect on unconventional
monetary policy alone. However, they can considerably amplify the power of unconventional
monetary policy as long as they are connected and work together.

Additionally, the stimulation direction of the two channels, interest rate and liquidity, is stable
and will not become opposite in any subset of the economy, neither the supply sector nor the
demand sector. The effect of unconventional monetary policy in the model with a representative
household, without the interest rate channel, is depicted by the dashed red line in figure 4. The
stimulation effect of the model with the liquidity channel is slightly smaller than that with both
channels in output, although all of them peak modestly as there is no financial accelerator here.
This discrepancy verifies the argument in the last section that financial friction and recession
generate a scarcity of liquidity. The two channels become effective by providing liquidity through
direct injection or a pecuniary effect, despite not being augmented by heterogeneous households
and general equilibrium. However, the heterogeneous household and redistribution effect still
play a role here by spawning a positive effect of the interest rate channel on consumption,
contrasting with the negative effect in the RANK model in figure 4. Both of these channels
require the financial institutions to borrow money from the central bank to invest, which results
in a higher leverage ratio. The debts borrowed by financial institutions are funded by lump-sum
taxes and ultimately come from households. Therefore, the larger the stimulation effect on

output, the smaller the stimulation on consumption will be, since now the redistribution effect is

absent.
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Figure 4: Decomposition of unconventional monetary policy in different channels
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S Empirical Evidence

In the last two sections, I analytically discussed how unconventional monetary policy stimulates
the economy through two channels and quantitatively illustrated their relative effects. In this
section, I provide empirical evidence to show that the analytical discussion and quantitative
results are tractable and reasonable. Before introducing the new instrumental variable and
identification results, I first explain the new method and a new type of intuitive inequality
constraint used to conduct Bayesian estimation on a VAR model with multiple instrumental
variables. Then, using a new instrumental variable, along with an existing one, I disentangle the
effects of unconventional monetary policy into the two channels and provide empirical evidence

to support my argument.

5.1 Methodology

I use a new IV estimation process to estimate a VAR to identify the liquidity supply effect and
interest rate expectation effect of monetary policy. The formal one links to liquidity channel and
the later one links to interest rate channel. To estimate the monetary policy effect to the economy,
I need to estimate the following reduce-form var model

I use a new IV estimation process to estimate a VAR to identify the liquidity supply effect
and interest rate expectation effect of monetary policy. The former links to the liquidity channel
and the latter links to the interest rate channel. To estimate the monetary policy effect on the

economy, I need to estimate the following reduced-form VAR model

P
Y, => A;Y,;+ Be

j=1

where &, is an iid shock and I can normalize its covariance matrix to identity such that £ [e,e]] =
I.

It is easy to estimate A; while we can only get E [u;u;] = BB’ where

Uy = BEt

It is impossible to identify B from BB’ and we need further "(”2+1)

Stock and Watson (2012) and Mertens and Ravn (2013) proposed a new method that intro-

restrictions to identify it.

duced proxies variable to help identifying the shock effect on economy. They introduced k new

variable which satisfies
E[me’yy] = @ 22)

FE [mtelgt] =0 (23)

/
where m; is a k-by-1 vector and I take partition on €, such that ; = [ e, &b ] .
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Introducing m; helps us to identify the e, effect on the economy because ¢ provides
more information about €; given m,. Unfortunately, identifying €5, cannot receive any help as
E [mtsgt] = ( and I need other restrictions on B if fully identifying B is the objective. However,
I am only interested in the monetary policy effect and only need to identify the first £ columns
of B, as Gertler and Karadi (2015) did. While I still need more restrictions on B to identify
€14 since identifying ¢ wastes some degree of freedom. As long as k£ > 1 is held and ¢ was
fully identified, the first £ column of B cannot be fully identified. Mertens and Ravn (2013)
added several linear restrictions helping to identify the effect of £;,. In this paper, one of my
contributions is that conversely, I propose a modified method that imposes restrictions on ¢ and
leaves the first £ columns of B free to identify.

Write B into partition

bi1 b2 by
B = b21 522 b23
bsi b3y bss nxn
- [ 51 52 }
/ /
51 _ ﬁn ,3,21
512 /322 X2

Combining with equation 22 and 23, it is easy to yield

bll b12

) ) ] the covariance matrix of coefficient ® can be written as
o1 D22

Furthermore denote s;; = [

-1
OP' = X, (2;;;,1 3115’11> (25)

where 3, is the first & X k elements of 3,3 si1s7," can be estimated from equation 82. 1
demote related derivative process of equation 25 to appendix.

Then, taking the Cholesky decomposition on ¢’ yields the lower triangular matrix ®;,.. ¢
will be identified up to the rotation matrix () such that ® = &,,.(). Note that () is an orthogonal
matrix such that @) € O (n). Following Caldara and Herbst (2019) and Arias et al. (2018), I
develop an algorithm using the Metropolis-Hastings sampler across Haar measure space to draw
@ from Q‘Y, X, M, B, u, . Since Baumeister and Hamilton (2015) argued that the standard
method, which uses a uniform distribution on reduced-form parameters, causes a flat likelihood
problem, I use a Bayesian method to estimate the reduced-form parameter ® and (3, which is
developed by Caldara and Herbst (2019), Braun et al. (2020), Arias et al. (2021) and Giacomini
et al. (2021).
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Any P = 2, Q that satisfies the restrictions will give us a fully identified 3} through equation
24, which is what I am interested in.

Alternatively, I also conduct some robustness checks on the estimation. I tried to impose
off-diagonal zero restrictions and lower triangle restrictions on . Meanwhile, I also tried to
use a uniform prior and standard Bayesian estimation to estimate ®. To estimate (3}, I use a
frequentist method. All detailed explanations and results of the robustness checks are shown in
Appendix D.

Considering the possibility of plausibly exogenous variables*?, I also impose an inequality
constraint, an idea analogous to the S(¢, () inequality proposed by Giacomini et al. (2021).

Here, I assume that
p(migir)® > p(muej)? Vi # j (26)

This inequality is intuitive and meaningful that implies the instrument explain much of the
information of structural shock at the same row relative to the structural shock at other row.
Given the definition of p (m;.;;)

This inequality is intuitive and meaningful, implying that the instrument explains much of
the information about the structural shock in the same row relative to the structural shock in

other rows. Given the definition of p (m;c ;)

2

cov (me;

P (mitgjt)Z = %
mit et

and the fact that I normalize the structural shock ¢, to a standard normal distribution, equation

26 can be simplified to

cov (maei)” > cov (myej)’

Furthermore, because of the equation 24, I can write this inequality to

Furthermore, because of equation 24, I can write this inequality as

L=
-N 1

F (4, Q;v) = diag { (24Q) o (94.Q) >0

where 7; represents the weakness* of the instrumental variables m;. A valid instrumental
variable m,; should satisfy ; > 1, which I assume will be satisfied throughout this paper. Based
on the assumption of 7; > 1, the domain of ~ should be [1,00]. 7; = 1 denotes the slackest
restriction on the power of the instrumental variable m; that explains the shock ¢;. It only needs
to correlate with ¢; slightly more than with ¢;. 7; = oo denotes the strongest restriction, which

requires that the instrumental variable m; is not correlated with ¢; at all and is only correlated

“Conley et al. (2012) detailedly discussed this type of proxy variables.
“3The larger 1; is, the stronger related instrument is that can be used to explain &;.
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with ¢;. It is straightforward to write v; as k; = 1 — =, where &; € [0, 1], which is easier to

1
Vi

understand. x = 0 represents no restriction** and x = 1 represents the strongest restriction.

Therefore, the above restriction can be written as

F (P, Q; p) = diag § (94,Q) o (94,Q) ) 11’”2 >0 27)

1—k1

5.2 Bayesian estimation and result

Following Gertler and Karadi (2015), I use four variables to estimate the monetary policy effect
on the economy, such that Y; = [ (G ) PR TR ] r¢ 1s the market yield on 2-Year U.S.
Treasury Securities. cpi, is the logarithmic Consumer Price Index. y; is the logarithmic industrial
production. 4, is the excess bonds premium, which is estimated through the methods proposed
by Gilchrist and ZakrajSek (2012). I write the two instrumental variables as m; = [ My Moy } /
and use conventional high-frequency identification to construct related instrumental variables
with respect to monetary policy shock. my; is the surprises in the current month’s fed funds
futures (FF1) contract price during the day when the Treasury Department announces a new
issue of treasury bonds/notes. my; is the surprises in FF1 contract price during the day when
the FOMC meeting is held and an FOMC announcement is released. This approach is widely
used by scholars who analyze monetary policy using the changed futures contract price on
FOMC announcement days*. Similar to an FOMC announcement, the US Department of the
Treasury will disclose their intended amount of treasury bonds they plan to issue on the related
announcement day. In contrast to the FOMC announcement, which shows the targeted short-term
interest rate or federal funds rate, announcements issued by the Treasury Department only
provide information related to the nominal face value of the bond they want to issue. The interest
rate or yield to maturity is determined by an auction held several days later. Given that the central
bank imposes monetary policy through the liquidity channel by open-market operations and
buying long-term treasury bonds, the purely increased treasury bond supply will be isomorphic
to decreased treasury bond holdings of the central bank, as long as general equilibrium has
always been reached. Therefore, the surprises in the future federal funds rate contract price is a
valid and appropriate instrumental variable to correlate with the pure liquidity effect of monetary
policy since the only extra information treasury bond announcements provide is just the liquidity
amount*®. More detailed illustrations about data can be found in Appendix C.

Figure 5 shows the estimation result without imposing any constraints, such that k1 = ko = 0.

“Here the word “no” means as long as the instruments is valid the estimation of @ is acceptable.

4 A large series of literature discuss monetary policy through this high-frequency identification such as Kuttner
(2001); Giirkaynak et al. (2004); Bernanke and Kuttner (2005); Hamilton (2008); Campbell et al. (2012); Hanson
and Stein (2015); Nakamura and Steinsson (2018)

46Respectively the only information provided by FOMC is the targeted interest rate (federal fund rate) instead of
the liquidity amount. Though during the QE period central bank indeed provided liquidity information in some
statements, I do the robustness check which excludes QE period and it yields the same result.
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The left column (5a) shows the IRF to the liquidity shock, and the right column (5b) shows
the IRF to the interest rate shock. Both shocks are normalized to generate a 1 percentage point

interest rate deviation at period 0.

Figure 5: IRF to unconventional monetary policy under liquidity and interest rate channel with
90% confidence band.

Figure 5 sheds light on the power of unconventional monetary policy in the liquidity and
interest rate channels empirically. A one percent increase in the 2-year Treasury bond rate*’,
triggered by a contractionary unconventional monetary policy, will suppress output by 2.5% at
the peak via the liquidity channel and by 1.6% at the peak via the interest rate channel. The
empirical result justifies the argument that the liquidity channel is more powerful than the interest
rate channel in stimulating output. To associate the empirical result with the quantitative result
from the last section, I cannot directly use the above result since the long-term rate in figure 5 is
the change of the yield-to-maturity rate, while the shadow rate in the model is the current-yield
rate. Therefore, I use the same identification method but with 3-month U.S. Treasury Securities
instead of 2-year to conduct the estimation again in the appendix. The consistency between my
empirical and quantitative results substantiates my main contribution in this paper that the effect
of the liquidity channel on the stimulation power of QE on output is approximately 1.5 times

larger than that of the interest rate channel.

6 Conclusion

I introduce household heterogeneity and a financial accelerator into a general equilibrium model

to analyze how unconventional monetary policy impacts the economy through the liquidity and

#TFollowing Gertler and Karadi (2015) I select the independent variable, interest rate, as 2-years treasury bond.
Furthermore, 2-years is the only suitable variable since I need some variation in interest rate to pin down the
response of output. However the definition of liquidity channel represents the change in output without effect on
long-term bonds rate so that the 5-years and 10-years treasury bonds are not suitable.
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interest rate channels. I first decompose these two channels and discuss how their effects are
governed by supply and demand sides through financial friction, pecuniary easing, redistribution
of wealth and income, and complementarity, under a knife-edge condition where prices and
depreciation rates are fixed. After this discussion, I carefully calibrate the model and show
that the liquidity channel is quantitatively 1.5 times larger than the interest rate channel. I
also demonstrate that the complementary effect between household heterogeneity and financial
friction is pivotal in determining the power of unconventional monetary policy through the two
channels. Finally, I use an IV-VAR model to demonstrate that the discussion and arguments are
reasonable both qualitatively and quantitatively.

However, my research still has some drawbacks awaiting future exploration. The model is a
simple DSGE with only three types of households, so that the mass and consumption decisions
of hand-to-mouth households are all determined by exogenous assumptions. Moreover, the
setting of financial friction and the endogenous leverage ratio are relatively simplistic compared
to reality, where there exists heterogeneity within financial institutions and their exit and entry

are endogenously regulated.
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A Derivation steps and supplements to Model

A.1 Supplements to Model

In this section I provide some supplements to the model part with more detailed explanation
and definition related to the model setting, as well as some important first-order conditions. The

order of subsections are akin to section 2 from household to central bank and government.

A.1.1 Household

Since the hand-to-mouth household will consume all their income each period, the consumption

of poor and wealth hand-to-mouth household is static such that
PHIM _ gHAM 4 7y

and

CZVHtM — XWHtM i @%-ItM + jvt

Meanwhile as only the non hand-to-mouth household can supply the labour to firm, the supply

function of labour will be pinned down by the first-order condition of non hand-to-mouth

household X
Ly (I—7)w \? nHtM\ — 5
J,nHAM = <_ K (Ct ! ) v

It is worth to notice that the distributional cyclicity problem between labour income and dividend
income*® in HANK model does not emerge here because only the non hand-to-mouth household

provides labour into market.

A.1.2 Mutual funds

The budget constraint of the mutual fund 5 can be written as

(14 pg?)

b Pt Ry

ng = Rth—lst—l — Qs +
Therefore I define the return of long-term treasury bonds earned by mutual fund as

14 quB)
RB _ ( t
! QE1Ht

Meanwhile the value function of mutual fund W; and V; can be solved via guess and verify such
that
Wi = neny

“3This is firstly proposed by Broer et al. (2020) and further discussed by Cantore and Freund (2021).
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Vi = p; Qs + M?ngb;ﬂ + Gy
G = EtﬁQt,tHRt
,Uf = Et/BQt,H-l (Rf+1 - Rt)

HJIZ = EtﬁQt,tJrl (Rﬁ1 - Rt)

A.1.3 Intermediate goods producer

The first-order conditions to maximization problem 9 are

ym
Ptm@# = 5, (Ut) gth_l
t
and ym

Notice that the intermediate goods market is a complete market where producer earns zero profit

and this pins down the real price of intermediate goods ;™.

A.1.4 Retailer and Final goods producer

The price setting problem 10 can be solved and rewritten into recursive formula

p
op F

I — il
o, 120

-Pt*

Iy =
" Py

FP = P"Y; + BOE Ay o 11, PP FP
7P =Y, + BOE A, TP I 20
1—op p \1—0op *1—oyp
I, =0 (I17,) "+ (1-0)1L

where I} is the inflation rate for those retailers who adjust their price at period ¢.

A.2 Log-linearization of Baseline Model

Household
~ T ~ 6T
cr = @Tt + @@f (28)
N AP
Cy = ETt + a@t (29)
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—oCy =R —o Sp o) + SpiCi—o) + SpCi—o) Cita (30)
~ 1~ o~
Li = EWt - ECZ‘ (3D
N P P
Financial market
R QK . . )\quBm B o ~h
gbt = ¢Nh <Qt + Kt) + W <qt + Bt > - Nt (33)
U gm
Q=N+———7 4
¢ t+1_0m+9mn77t (34)
~ ¢ ~ =
At = W <¢t +7 — Ct) (35)
ft = §t+1 + ﬁt (36)
~ 1 ~
N, = A 37
=G+ I (37)
R—t+—9 6,-0,,+ 1 < -k ) (38)
t t Q T ?—Ié t t—1 §KQ + Hf t t—1
BB PCIB ~B T ~B
t = 1+quQt =1L — g4 (39)
~ RF R ~ 1~ _
Qi1+ me—&-l - mRt = X)\t +7; (40)
~ REB R ~ 1~ _
Qt+1 —+ mRil — mRt = X/\t + ’Yt)\ (41)
QK (~ =\ , ¢®B" o\ DT o
T (Q+ R+ I (@ + By) - 57D = N “2)
~ 1 ~ 11" 1 I ~
o= NP+ I I + " — N} 4
B, R rNE T RE RNh =1 43)
Production Sector
v ~TFP T T T
U =3 o (G4 &+ Ba) +(1-a) Iy (44)
. A Ioo~
Ri=¢(&+FRia)+ 2T, (45)
Y+ Bt =R+ &+ (1+0) 0 (46)
W, =Y+ P"— L, (47)
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5 =01+0v)0, (48)
QQ: =1 (1+ BN Iy — 1Ty + 1BAL (49)
. pmy o, . - . PN
By = (P4 %) + 8800700 (R + 0y lloy — oy B+ B ) (50)
. Y ~ ~ . U
Zp = Vi + BATICr D00 [Am + (0 — ) Tst — 3 (0 — )T + ZfH] (51)
fi (1-0p) (-1 )
Ht = e’ypH pJUTP Ht—l + (]. - 9) Wﬂt (52)
=10, + FP — ZF (53)
R I1*(=o») ~ = [I(=wow) ~ ~
fir= =0y (1) " e (T — 1) +0 e [ CATE ] BREZ
Y=Y — iy (55)
Central Bank
o h{D Nh m (D Am m M (1 + qu) B™ qu ~ nm
TT, = RD (Rt_l + Dt_1)+RD (Rt_l + Dt_1> —D" Dy e e %+ B,
(56)
DD} = " B" (G + B") (57)
R =7 (58)
B =77 (59)
Ri=R,—1I,, (60)
Market Clearing
0 = (Q—1) 1T+ (I - L) QQ, (61)
Y, P (S5m | -
Ht:Yt—m(Pt +Mt> (62)
I + I + I = 0 (63)
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= =0 e el =g (@ Kot g g
B™¢® (R — R) o RE R 5 PON" [ o ~
" (@B‘I B RRtB ~ RB— RRt‘l) S <Nth—1 + ¢t—1>

43

(65)

~ ﬁt)

Rt—1> +



~

A = —0C,+ 00, (66)

er =L, +W, (67)
N O K¢
Ci= Vi o= 2 Ryt & 43) (68)

~ —_—
wherel; = I, + I

A.3 Derivative of Key Equations

A.3.1 Financial market

Firstly I can use equation 64, 45, 46, 47, 48 and 38 to get the return of firm equities given the

assumption £ = 1

~ A KQ -
RF = Bk —
p =&+ KQ—I—HfQ Qt1+KQ+Hft
which I will use it later to link the investment to the leverage ratio.

Using equatlon 35, 36 and 40, together with v = 1, ylelds<1 + A¢A"> Qg + RB Rf;l

(69)

mRt o 45 > (gbt + 7 — Rt> 42. Then the law of motion w.r.t stochastic discount factor

can be found by combining equation 34, 35, 36 and 37 as Qt AH—W [(1 — m> ((AZHl + }A%t> +

Then plug the previous equation into this law of motion will yield

~ o 1=0"+0m"n | C ~ RF - R - ~
gbt—l—,yt)\ = em |:¢)\I/ <¢t 1 + IYt 1 Rt—l) + )\% 1 - A (Rk_ — RRf - RB — RRt_l — At
(70)

with the condition that in steady state (1 — A) pA” = (.

A.3.2 Illiquid asset return

Plugging equation 61, 62, 63, 65, 33 and 39 into equation 43 yields

~ QK . )\quBm B ~ (1 _ em) RBquB qu
R = szh (Qi+ K) =6 + o (@ + Br) + i ol
I -~ 1 ~, I oy | N g R =
RNhH il g (10 ){H_Nt 1 g e
+ % (Qtl + K + Rr RR{: TR _ RRtl) (71)
B"q¢” (R” — R ~ R - PON" / ~
P (i B ) | o (R 8)
1—om RBBm B , R
e o
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A.3.3 General equilibrium

The redistribution effect can be identified by plugging the consumption of hand-to-mouth

household 28 and 29 into the aggregate goods market clearing condition 68 and 32robustness
YoV — 1D, — Ko6 (f(t_l YE 52) = 1 Cn 4 M+ phOT

where o = hTow + h T and @ = hEOL. + hL,OL,
This equation can be further simplified by equation 46, 47, 48 and 67

(Yo — 0K — @)Y, — 11, — (Koo + ¢h) (13;”+ﬁt> el T

Further I use the budget constraint of the non hand-to-mouth household C”@” — —Dh =

(1;# (W + Lt> — Rh—T (ﬁtq + ﬁf,l) + Tﬁ and long-term bonds clearing condition 57

to get

SOh

hvr

o1 —-7)WL
hnT

<Y0—5K0—¢g+ >Yt—Ht+ (K05+<pg (1—T)WL> (13g”+ﬁt)+

(h, + b)) Cr + h‘”g [ ¢BB™ (@B + Egn) +RD"R,_, + R¢°B™ (aﬁ + B 1)] (73)

where o = hSo + WSS

Furthermore I can combine equation 31, 44, 46 and 47 to get the consumption of non

hand-to-mouth household is

An _ Y I+ 5, Yo 1+9¢ qpp  (L+¢)av
0 == (5 (e ) = S g~ e O 0

Then plug above equation back into equation 73

gp}f (1-7)WL
hT

(YC—5K0—¢3+ +(h2~+s0’§)%)?t=]ft+(l(c5+gog e (1—7)WL)

~ h ~ ~
(Pgﬂ + ﬁt) + hﬁlT [—qBBm (@B + B;”) + RD"R,_y +Rq"B™ (q:B_ . +B" )} (h + o)
S THE) pmo T -
l( * )t am*Kl a)o <1—a>(@
(75)

o (I1—-a)o

If T assume that the investment is a constant fraction of output and fixed price, then

there will exist R, = P/ = p; = 0. From equation 75 you can see the coefficient
h

Yo-dKc—oh+ ALETDWE | (jn onye o .

o—0Ke—vi+” T+ (el is just the redistribution effect of the unconventional mon-

et
g’ B™

etary policy. The hand-to-mouth household generate a multiplier of the monetary policy through

additionally terms —f + @1’1(1};% + (hg + gog) and hﬁlT which is firstly mentioned by
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Bilbiie (2020).
By the same logic I can also combine the non hand-to-mouth household’s budget constraint

and central bank’s budget constraint 56 and 57 which yields

B pm

cnen - 4 hf (qu + §;"> = % (Yt + P+ ut) - (% - 1) RD"R,_,

]. o~ _ AN A~
. (ﬁ . 1) R¢®B™ <q£1 + B;ﬁl) + RD™ (RH + D;’il)

pq”
1+ pg”

DD = () B (2 B - )

To eliminate the money that financial institutions borrow from t he central bank lA);” I plug

equation 33 and 42 into above equation to get

e = ﬁﬂ (Yt Py ut) - (% - 1> RD"R,
_ (h—ln _ 1) R¢EB™ (aﬁ_l + §;711> + RD™ (ﬁt_l + ﬁtz) - (1 . é) OK (@t + f{t>
)\b

~ 1 B ~ ~
—Nh¢t+<ﬁ—1+¢) i +Bm)—(1+qu)Bm(liqqu@%Bﬁl—Ht)

Plugging equation 70 and 75 into equation above equation yields

~ 1 1 1 -~

1—-a)o ot ( —a)o 1-a)o
(1—T)WL o | =
+T<Y1:+P + 1 ) T 1) RD"R; 1
1 ~ ~ ~
_ (ﬁ — 1) R¢BB™ (@B_l +Bﬁ1> + RD™ (Rt_1 + D,?ll) (1 — 5) QK <Qt +Kt>
1—9m+@m77 RB N R
h k hah
N o )\RB_RRt—i—N’yt
1—0m+0m™y | ¢ [/~ R ~ R
_Nh Hm |:¢)\V (¢t71+715)\71 _Rtfl) +>\’Yt 1+)\R RRt 1 _At:|

1 )\b B pm [ B Bm B m pq ~B nm -
+<ﬁ_1+ ¢>q B (qt —|—Bt)—(1+pq ) B T o + B, —1I,

This equation can set the relationship between unconventional monetary policy and real output
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by combining equation 45, 49, 69 and 73

(l+ 1+ ¢)a )Pm—FC”%At—C" 1419 §TFP+Cn(1+¢)OW[7t
o 1 —a)o (1—a)s' (1—-a)o
¥
o

(1—7)WL o 7)WL (5, - 1 B
POV ) S g5 ()

+ =

n

o
- 1)RqBBm(at€1+§t"11)+RDm(f2t_1+f)t"11> (1——)@K<§t+Kt 1)

(-
¢
1— 0"+ 6™ R 1 1 -
(Nh RaLA/BY —1+—)K¢1(1—6A)It_1
1

gm RF—RKQ+1I &

it [ (oo et = Eo W) (P ) 2k (R0 R (32,4 B

—i—(hg—i-gog) {(%—i— (1+1/’)0‘> P Z_JAt‘i‘ 1+ ;y\;fFP_ (1+¢)aVﬁtH

(1—-a)o (1—-a)o (1—-a)o

1—0m+06m RF ~ A n’
+ N gm nARk_R(ﬁt—Qt1+m5)+N}l%

1—0"+0m™y [ ¢ [/~ . ~ R - N
- N* pm LZ»‘V <¢t*1 + ’Vt)\fl - RH) + )\’Yt 1T )\mRt—l - At:|

1 AP - o o . - oq® . R
+ <ﬁ—1+g+<,01 T—én) 5p ( 5+ B >—(1+qu)B (1+pq3qf+Bt_1—Ht)

where 907171 = <Nh1 G’ZIGWnARkR’“R KQ+Hf -1+ ) - (1 - é) Q and 302 = YC - (SKC —

hQ—myWL n
ol + SO 4 (b + oh) L.

When the price and depreciation are fixed I will get the unconventional monetary policy

ffect to th F e e g
etftect to the output as— on +(1 T)WL+ - h an o ¢+(1 T)WL

+eT o) yd "B

A.4 Calibration for production sector

All the parameters related to production sector are selected from literature. The possibility of
retailer to retain price is 0.85 which is a balance within 0.75 of Sims et al. (2022), 0.779 of
Gertler and Karadi (2011) and 0.92 of Karadi and Nakov (2021). The elasticity of substitution
and capital production cost are directly borrowed from Gertler and Karadi (2011). The utilization

elasticity of marginal depreciation rate is estimated by Christiano et al. (2014).

Table 3: Parameter Values

Parameter Value Description
0 0.85 Possibility to retain price
Op 4.167 Inverse elasiticity of substitution between different intermediate goods
Vp 0 Parameter for retained price that grow as aggregate inflation
Q 0.36 Capital share in production function
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Table 3 — Continued

Parameter Value Description
v 2.54 utilization elasticity of marginal depreciation rate
0 0.025 Depreciation rate in ss
V1 1.728 Capital production cost
£ 1.000 Capital effectiveness in ss
(Il 0.92 ARI1 coefficient of QE policy rule
u 1.000 utilizebar

B Extensions

B.1 Endogenous illiquid asset withdrawing

In baseline model the illquid asset withdrawing X MM and XH*™ are exogenous and fixed
at steady state for conventional purpose as it shuts down the substitution effect between liquid
and illiquid asset in liquidity and interest rate channel. To illustrate that the baseline model
is good enough to unveil the two channels of unconventional monetary policy, I change the
exogenous illiquid asset withdrawing to endogenous following the extension that Cui and Sterk
(2021) did. Either wealthy hand-to-mouth household or non-hand-to-mouth household now will
select the their optimal illiquid asset withdrawing X/ because of an adjustment friction in utility
base. Therefore the marginal cost of altering the portfolio of investment should be equal to the
marginal benefit (which is the marginal consumption in this setting) as equation 76 shows.

X’Ys
A+ S =C° (76)

721+73

The adjustment cost function is standard and proposed by Kaplan et al. (2018) where ~; is
the extend of friction in linear part and -3 governs the curvature of the cost function which in
fact is the nonlinear part. v works as a resealing factor. Following Cui and Sterk (2021) I set
Y2 = 1.5 and 3 = 5 which are not unique to the result and other value will also work. Then
the linear part -1, which is the least important and does not display in linearization system, is
pinned down by matching the same steady state of consumption and illquid asset withdrawing in
baseline model.

Figure 6 shows that the endogeneity of illiquid asset withdrawing amplifies the power of
unconventional monetary policy yet the magnitude is not large. In addition to that all the patterns
and directions between the exogenous and endogenous model are same which demonstrates that

the baseline model works well at uncovering the two channels.
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Figure 6: Exogenous vs Endogenous Illiquid asset withdrawing

B.2 Model vs Empirical result

C Data

C.1 Data used in VAR estimation

C.2 Data used in Model Calibration

D Robustness check

D.1 Off-diagonal zero restriction

Since I want to identify the liquidity channel and interest rate channel of monetary policy, I can
/
write €}, as €, = [ g5, &%, } where €3, and ¢, denote the liquidity shock and demand shock.
I made a restriction on ® and assume it is a diagonal matrix such that
a® 0
P = p (77)
0 «
The meaning of this restriction is that the instrument variables do not have cross effect on
different shock.
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we would have the assumption cov (m;, e,) = 0 and cov (m{, e3,) = 0. This assumption can be
true as long as I find appropriate instrument variables. Similar to the high frequency identification
literature, the instrument helps to identify the effect of liquidity channel of monetary policy is
the change of future contract price during the treasury bonds issuing announcement day. The
instrument helps to identify the effect of interest rate channel of monetary policy is the change of
future contract price during the FOMC announcement day.

Write the covariance matrix 3,,,, into partition

Emu/ =

Emu’11 2m/u,’12 ]

Zmu’21 E7nu’22

and plug into assumption 77 to get

B = <Er_n}j112mu’21> B

and
Bar = (S Tmus, ) Bro

because ® is a diagonal matrix and I can easily subtract o* and o in each row of ®3’ out

separately trough each row of X,/
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Use the method proposed by Gertler and Karadi (2015) I can easily identify 3,; and [3y;.

Additionally it is easy to prove that for B3,, and 12, 35,315 can be estimated by estimating

(E;nté . Yima, ) Then we can solve 3, up to a sign convention that*’

By = by = Y11 — (b% + b13b/13) (78)
where

b b b b
b13b13 = (231 - ﬁz11 —bsi1biy + 22 b%) D~ (231 - 2211 —bsi1biy + ﬁb%)

612 b 12 612 612
and
bsy o, bl , bsy, b,
D=X — by b 2, == —
B By My B0 T 3, 1,
b32 / ng b32 / b/ )
—3 + X —b.,by1 — bs1b
(b12 31 3157 b12 b12 31Y11 31V1157 blg

The estimation result is shown below.

“YBecause of space limit, I degraded related proof process to appendix.
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Figure 8: Liquidity and interest rate channel

The left column is related to liquidity channel of QE. The monetary authority stimulates the
economy through changing the long-term bonds rate via providing liquidity and buying long-
term bonds. The right column is related to interest rate channel of QE. The monetary authority
stimulates the economy through changing the long-term bonds rate(people’s expectation about

future interest rate) directly via announcement but does not provide any liquidity to the market.
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D.2 Lower triangle restriction

Alternatively I can only impose the triangle restriction on matrix ®°° such that the matrix ® is in

the form
o 0

P = p

o «
Similar to use the restriction 77, I can estimate b1, bo; and bs; by ruling out o® using instrument
m;. While it is a little bit trivial to estimate b;o, b2 and b3, and I provide the detailed process in

another appendix section.

1t is not freely to impose this restriction relative to the zero on off-diagonal element as I add one more unknown.
This cause the sign boo undetermined. Therefore I put this restriction on the robustness check.
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Figure 9: Liquidity and interest rate channel

D.3 Uniform prior

Alternative I can identify 3, through inequality restriction and bayesian estimation. Because

of equation 24, when I only want to identify 3, and do not care about 3,, it could be fully

identified as long as ® is know. Because of the constraint of freedom, when k£ = 2 only half of ®
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can be identified as long as I do not want impose any restriction more on 3,. Inspired by the
half-information identification problem, I can use the standard and canonical method that are
used to identify the B matrix’' which is already widely developed. Firstly it is easy and valuable

to notice that .
1 B
PP = Emu/l (E/Tnullslls/H)

Then taking the Cholesky decomposition on ®®’ yields the lower triangle matrix ®;,. ® will be
identified up to the rotation matrix () such that ® = &,,.0).

Therefore I can impose inequality constraint to identify ®(then the 3, is identified through
equation 24), similar to the sign restriction proposed by Uhlig (2005). Here I use the method
proposed by Rubio-Ramirez et al. (2010) with uniform prior of Q to identify>’.

Draw 1000 times.

e k1 =Kky=20

31Since in general we only have half information of matrix B which is the covariance matrix BB’.
2Baumeister and Hamilton (2015) argued that using the uniform prior distribution will result in a Cauchy
distribution.
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Figure 10: Liquidity and interest rate channel
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Figure 11: Liquidity and interest rate channel

D.4 Bayesian estimation using different drawing algorithm

This section presents the Bayesian estimation of VAR under more conservative algorithm 2 and
3.
Draw 1000 times with 7000 burn-in try. 90% confidence band.
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Figure 12: Liquidity and interest rate channel

Algorithm 3:
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E Derivative process related to IV-VAR

E.1 Estimation of coefficient under off-diagonal zero restriction

To the coefficient parameters (3;; and (315 they can be directly estimated by the method used in
literature because I assume the coefficient matrix of instrument variables is off-diagonal zero.
Therefore the first instrument will only be correlated with the first shock, a scenario where
Gertler and Karadi (2015) considered. Therefore (31; can be estimated up to sign convention
such that

5%1 = E11 - 612612

where .
Brafy = (221 - @211) Q! <E21 — @211)
B B
and 5 4 p 5
21 21 21 21 7
=——Yp——— (22— + X ) + Yog.
Q=53 ( B B M >

and % comes from the coefficient of IV regression.

Similarly another instrument can be used to estimate (315 and 325 though the process becomes
a little bit more complicated.

Firstly note that because E (uw,u,) = E (Bee,B') = BE (g,¢}) B' = BB’ = X and
By 315 can be easily estimated, we can know that as long as b;3b); is revealed, B3,, and 315 will
be uncovered from equation 78. The steps below I show how to estimate b;3b) ;.

Now I construct a matrix such that

b32b
V = by, — 232018
bui
It is easy to verify that
b b
Vbyy = S — 1S — baibu + b, (79
12 12
Lemma 1. Matrix V' is full rank.
I 00
Proof. 1t is easy to construct a transformation matrix A = 0 I 0
|

Note that var (Au;) = AX A’ is full rank as A and Xare full rank. Further notice that

Au; = ABg;, = ba1 by baz | &



Since var (¢;) = I is full rank, AB must be full rank. Therefore V' must be full rank. O

From above equation 79 we can know that

b b b b.
b3V’ Vb13 = (231 — ﬁzn — bg1b11 + 22 b%) (2331 — ﬁz11 —b31byy + — 2 b%)
bio bia b1o b1o
Then we define Q = VV'.
Lemma 2. Q is full rank and Q" exists.

Proof. From Lemma | we know that matrix V' is a square matrix and is full rank, too. Therefore
Q is a square matrix and full rank since demote@Q = V' V'. Then we can yield the conclusion
that Q" exists. [

Lemma 3. Given the Q we would have the relationship that V'Q™'V = I.

Proof. This is easy to prove. It is worth to notice that V'Q 'V is just a projection matrix on
the column space of V. Since Q and V are full rank, we must have a complete mapping which
means V'Q'V = 1. O

Because of V'Q 'V = I, we would have

b b b b
b13b,13 = b13V/Q_1Vb,13 = (231 - ﬁ211 — bs1b11 + 22 bi) Q (231 — ﬁzj11 — bs1011 + > bfl)
b12 b 12 b12 b 12

E.2 Estimation of coefficient vectors under lower triangle assumption.

Write the partition of covariance 3,

Emu' _ [ Emu/11 Emu/12 2nlu’13 ]

Zmu’21 Zmu’22 Z:m'u,’23

aS

Based on ®3| = X,,,,» and =
a? ot

] I can write

b b by | ot b be by | = | e Sww, Sww, | 60
Using the first linear relationship I can rule out o as
of =X, — —a'— (81)

Plugging above equation into equation 80 yields

1 /
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Then use the linear restriction at the second column to eliminate o as

Yt — S, 2L

/ /
d __ TMug MUsy byq

b
bag — bmﬁ

which will yield the final valuable restriction

/ by, /
bay 52 — bt
b11 31
(Zmulm - Zm"/m b_ = Emués - Emulzl b
11 11

b
b22 - blZﬁ

b,
X ;=3 o, 3L
[ mugg mugq byq

b
y o, =3 ., 2L
mu22 mu21 bll

Since

blg.

is estimable, I can estimate [ bia by by } as long as given by and

by —bra 2L
32 by

To estimate I can run the IV regression such that

b
22—612%

A

b b
U3y — iUlzt =v+0 | uy— ﬂUlt + G

bi1 b1
where (th — %u1t> comes from the instrument estimation
ba1
Ugt — b—ult =T + Ymagy + 1
11

To estimate by, and by I use the covariance matrix 3 under a convention to sign. Write the B

into partition

811 S12
B =

S21 S22

011 012
> —

021 022

where s is the 2-by-2 matrix. Then I can use the relationship
8118/11 =011 — 8128/12 (82)

/ -1 " -1 -1
812819 = (0'21 — 8218711 0'11) Q (0'21 — 8218711 0'11)
_ -1 -1\’ -1\’ —1
Q =52151011 (821811 ) — (021 (821811 ) + 8218109 ) + 02

where s5;57;' is estimated by iv regression.
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E.3 Bayesian estimation of coefficient in IV

Because of equation 24 I can write it as

q)lallﬂlq)/ = Yma >,

mu’

Taking Cholesky decomposition of Y yields
BB =Y =3%,IT'Y, =3%,%,

where X, is a lower triangle matrix and I" is an orthogonal matrix such that I' € O (n) and
B=%,T
Since 313, = €, B’'Be; = €|I"%} 3, Te; and I denote D = X} 3,

Then above equation can be write as
(P T @ PejI) vec (D) = vee (X X0 ,0)
Therefore this can yield
(@I @ ®e\I) = vec (T X ) [vec (D) E71

where
= = vec (D) [vec (D))

Then by right multiplying vec (1) on both side I can rearrange this equation to
(e T @ ®eiTV) vee (I) = vec (Zpmw D) [Vec (D)) Z  vec (1)

vec (®e)T'Te; @) = vec (PD') = vec (X Do) [Vec (D)) = 1vec (1)

As long as = is invertable.
Otherwise write equation 24 as

(I)S,H = Emu’l
Because s/, X1 and ® are full rank,
D=,
P =%, s s 12
mu; 211 211 “mu)
PP'E, . = D S11 811

INv—1 !
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—1
o -1 ’
DD =y (Sl 511501

u

where s7;'s";" can be estimated from equation 82
Firstly I show how to derive the conditional likelihood p (MY, X, Q, B, u, 0,

Following Giacomini et al. (2021) I can write the stochastic variable jointly such that
B 0 €

; t (83)
® Om Ct

@0:[<I> 0}

Y, - VX,

my — vV

where

that is based on the assumption of instrument variable, the last n — k element in £, do not have
any cross effect with m,>”

Therefore we would have

MY, X,Q,B,u,0m ~ N (tunfus Srafu) (84)
where
ftmu = E (2%, + 0,0 + v) + ®°B'(2) ™ (u, — E (Bey))
=Y tu 4 v
and

Sy = ®°®Y + 0,0/, — ®°B (BB')"' B®°

= 0m0,,

since B' (BB')™" B is a projection matrix on the column space of B and it is a full rank matrix,
this term will be an identity matrix.

To calculate the prior distribution of o,,, I use the regression
my = v+ Pug + ¢
where it is straightforward to prove that
P=9'B

(; and v are the same variables comparing to equation 83.

531n fact this step is necessary otherwise the 3, effect will eliminate by 0 in ®° and I need more degree of freedom
to identify. For instance, X,,,|,, = BB’ — B&Y (‘I’OQO' + amo;n)_l ®°B’, 0 in ®° will cause B®” = 3,
such that 3, has no effect.
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Then because the posterior distribution of the parameter can be write as

p (BazaQaamU:nh/u M) o< p(Y, M,B,Z,Q7O'm0';n)p<B,Z;Q7O-mO-;n)
< p(M|Y,Q',B,%,0%,) p (B, Z|Y)

The first term p (M ‘Y, Q' B,%, oﬁn) can be calculated through the distribution 84. The second
term p (B , E‘Y) can also easily be calculated through the normal-inverse-Wishart family of
distributions which is proposed by Arias et al. (2018).

Then draw rotation matrix () based on the algorithm discussed below. After drawing a set of
Q, Q9,1 can solve the posterior distribution p (Q}Y, X, M, B, u, Z)where g; and (; follow two

independent standard normal distribution.

E.3.1 Algorithm used to produce figure 5

E.3.2 Alternative algorithm
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Algorithm 1 Draw () from Q}Y, X, M,B,u,op,

1. Draw B’ and ¢ from the NIW (v, &, ¥, Q).

2. Accept B? and ¢ based on the probability

LMy, Q7 BLE op )
p = min ; . . — .1
L (M‘Y’ Ql_l, Bz—l’ Ez—l7 O-;n—l)

3. Based on B* and X' to draw new residual and X,,,.,/
4. Draw O based on the Theorem 9 in Rubio-Ramirez et al. (2010).

5. Draw 0! o/ from IW;, (S, T + 7) where 7 is the prior degree of freedom. Denote V' the
prior variance of ®,

S = (M~ PU)(M —PU) + Sy + AUU'A" + A VA" — A(V '+ UU') A
where A* is the prior mean of ®;V is the prior covariance matrix of
A=Mmu (wu)™
A* = [ v ®,Q! }
V=a"l1

A= (AViyMU) (VI UU)

. cu
P LMy, @ B Y o)

and I take p as the probability that retains new )%, otherwise Q" = Q" *.

6. calculate

Y,Q', B',%, ay,)

m

c(M

. . kT 1
V.0 B.5.0h) o { T og (2r) = S 108 1 9 0,

— % [vec (M) — (U’ ® Ipyy) vec (Z)] [IT ® (UmU;n)_l

[vec (M) — (U’ & Ij41) vec (Z)]}

where
Mz[ml Mo mr_i mT]
UE[U(I) ug uoTlu%}
u? = [17u;]/

Z = [ 14 QtrQi (q)trQi_l)_l Emu’z_l }

v can be calculated by run regression of m; on u) as

M =PU+¢
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Algorithm 2 Draw () from Q}Y, X, M,B,u,op,

1. Estimate B and X from the standard reduced-form regression.
2. Draw @’ based on the Theorem 9 in Rubio-Ramirez et al. (2010).

3. Draw ¢! 0! from IW}, (S, T + 7) where 7 is the prior degree of freedom. Denote V' the
prior variance of ®,

S=(M—PU)(M —PU) + Sy + AUU'A' + AV A" — AV +UU') A
where A* is the prior mean of ®;V is the prior covariance matrix of ®
A=mU (vuH)™

4= v B0 ]

V= Oé*]k+1
A= (Av3ieMu) (vivuou)
4. calculate
. L(M|Y,Q' B,%,dl,)
p = min ; ——. 1
L(M|Y,Q, B, %, o)

and I take p as the probability that retains new °, otherwise Q" = Q" .

kT

L(M -5

1
log (27) — 3 log (|It ® 00!,

K@Bﬁﬂ%@{
1

-3 [vec (M) — (U’ @ Ij11) vec (Z)] [[T ® (Umavln)_l

[vec (M) — (U’ ® Ii11) vee (Z)]}

where
Mz[ml mo ... Mpr_q mT]

U=[u ud .. ufy uf]

u? = [17 u;]/

Z=[v ,Q'(®,Q0") " SphuS "]

v can be calculated by run regression of m; on u{ as

M = PU+¢
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Algorithm 3 Draw () from Q}Y, X, M,B,u,op,

1. Draw B*~Y1 and ¥1! from the NIW (v, &, ¥, Q).

2. Accept Bi~1! and Y~ 1! based on the probability

-

i—1 pi—1,1 yi—1,1 _i—1
Y,Q7, BT STl gitl) ]
i—1 Ri—1,0 y%—1,0 i—1)’

Y, Q-1 Bi-1.0 3i-1.0 gi-1)

3. iterate back to step 1 and draw new B*~/ and X'~ After burn-in step, continue to draw
N step and take B* and X° as their mean.

4. Based on B’ and X' to draw new residual and X,,,./
5. Draw )’ based on the Theorem 9 in Rubio-Ramirez et al. (2010).

6. Draw o/ o/ from IW,, (S, T + 7) where 7 is the prior degree of freedom. Denote V' the
prior variance of ®,

S= (M~ PU)(M —PU) + Sy + AUU'A" + A VA" — A(V '+ UU') A
where A* is the prior mean of ®;V is the prior covariance matrix of ®
A=MmU (wu)™
A* = [ v ®,Q! }
V=a"l1

A= (AVI 4+ MU) (VI +UU)

f c(u
P e (v e B o)

and I take p as the probability that retains new )%, otherwise Q" = Q" *.

1

7. calculate

m

Y, Q' B',%, a,)

. . kT 1
Y,Q', B,%,0,,) < {—710g (2m) — §log(\IT ® oot |)

— % [vec (M) — (U’ ® Ijt1) vee (2)] [IT © (0moy,)

[vec (M) — (U’ & Ij41) vec (Z)]}

c(M

where
M=[mg my ... mpy my |
UE[U(I) ud ..ooud u%}
ug = [Lu;]/
Z = [ 14 (I)trQi ((I)trQiil)_l Emu’z—l }

v can be calculated by run regression of m; on u? as

M =PU+¢
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8. Back to step 1
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